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A very useful link: https://ncatlab.org/nlab/show/Demazure)2C+lectures+on+p-div

isible+groups.

1 Schemes and formal schemes

1.1 k-functors

Definition 1.1.1. Let k be a ring and My, be the category of k-rings (i.e., commutative associated
k-algebras with unit, or simply couples (R, ) where R is a ring and ¢ : Kk — R a morphism).
Actually, for set-theoretically reasons, one should not take the category of all k-rings, but a smaller
one (see | | page XXV-XXVI) but we shall not bother about this point.

A k-functor is by definition a covariant functor from Mj to the category Set. The category
of k-functors is denoted by ME.

Example 1. The affine line Oy, is defined by R — R, R € M.

Remark 1.1.2. If ¢ : R — S is an arrow of My, if X € MiE, and if x € X(R), we shall write
zs (or sometimes x) instead of X (¢)(x) € X(S); if f: X =Y is an arrow of MyE, if R € Mj,
and x € X(R), we shall write f(x) instead of f(R)(x) € Y(R); with these notations, the fact that

f is a morphism of functors amounts to f(x)s = f(xg).

Proposition 1.1.3. The category MiE has projective limits, for example:

(a) a final object e is defined by e(R) = @, R € M,
(b) if X,Y € MyE, the product X x Y is defined by (X x Y)(R) = X(R) x Y(R),
(c) if X i> Z &Y is a diagram of M4E, the fibre product T = X x Y is defined by
T(R) = X(R) %z Y (R) = {(1,) € X(R) x Y(R), f(z) = g(y)}
more generally, one has (lim. X;)(R) = lim X;(R),

(d) f: X — Y is a monomorphism if and only if f(R) : X(R) — Y (R) is injective for each R.
We say that X is a subfunctor of Y if X(R) C Y(R) and f(R) is the inclusion, for all R.

Proposition 1.1.4. Let ¥’ € My; as any k’-algebra can be viewed as a k-algebra, there is an
obvious functor My, — M}, and therefore an obvious functor M E — M/ E; the latter is denoted
by X + X @ k'. So, if R is a k'-ring and Ry the underlying k-ring, one has

(X @k k') (R) = X(Rp)

the functor X — X ® k&’ is called the base-change functor or scalar-extension functor. It commutes
with projective limit, hence is left-exact. For instance, Oy ®j k' can be (and will be) identified
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1 SCHEMES AND FORMAL SCHEMES

1.2 Affine k-schemes

Definition 1.2.1. Let A € My, the k-functor Sp; A (or simply SpA) is defined by
(SprA)(R) = Morm, (A, R)

(SprA)(p) ={¢Y = oy} forp:R—S
if f: A— B is an arrow of My, then Sp, f : Sp, B — Sp, A is obviously defined. So A — Sp; A is

a contravariant functor from My to M,E.

An affine k-scheme is a k-functor isomorphic to a Spy A. For instance Oy is an affine k-scheme
because
(Spik[T])(R) = Morw, (k[T], R) = R = O(R)

Remark 1.2.2. Let X be a k-functor, and A a k-ring. We have the very simple and very important
Yoneda bijection

MoerE(SpkA,X) l) X(A)
to f : SpyA — X is associated & = f(ida)[= f(A)(ida)] € X(A); conversely, if £ € X(A) and
¢ € Spr(A)(R) = Morp, (A, R), we put f(p) = X(¢)(§); with our notation, the correspondence

between f and & is simply f(¢) = ¢(&).
As an example, we take X = Sp;B; then X (A) = Morpy, (B, A), and we have a bijection

Mor pg, 5 (SprA, SppB) = Mory, (B, A)

it means that A — Spi A is fully faithful, or equivalently that it induces an anti-equivalence between

the category of k-rings and the category of affine k-schemes.

This fundamental equivalence can also be looked at in the following way: Let X be any k-
functor; define a functor on X to be a morphism f: X — O, i.e., a functorial system of maps
X(R) = R. The set of these functions, say O(X), has an obvious k-ring structure: if f,g € O(X),
A Ek, then

(f +9)(x) = f(z) + g(x)
(f9)(x) = f(z)g(x)
(Af)(z) = Af(z)
for any R € My, and any x € X(R). If x € X(R) is fized, then by the very definition of the k-ring
structure of O(X), f — f(x) is an element Morps, (O(X), R) = SpO(X); we therefore have a

canonical morphism
a: X — SpO(X)

It is easily seen that « is universal with respect to morphisms of X into affine k-schemes (any
such morphism can be uniquely factorized through «). The definition of affine k-schemes can be
rephrased as: X is an affine k-scheme if and only if « is an isomorphism. For instance O(Oy) is

the polynomial algebra k[T generated by the identity morphism T : Oy — O.

The functor A — Sp, A commutes with projective limits and base change: one has the following

obvious isomorphisms:

Sp(A) Xsp(c) Sp(B) = Sp(A ®@c¢ B)
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1.3 Closed and open subfunctors; schemes

lim Sp(4;) = Sp(lim 4;)
pa —

(the last one explaining the notation ® for base change); as a consequence, the full subcategory of

affine schemes is stable under projective limits and base-change.

1.3 Closed and open subfunctors; schemes

Definition 1.3.1. Let X be a k-functor and E be a set of functions on X; E C O(X). We define
two subfunctors V(E) and D(E) of X:

V(E)R) = {x € X(R)|f(x) =0, Vf € E}
D(E)(R) ={z € X(R)|f(x) for f € E, generate the unit ideal of R}

If U:Y — X is a morphism of k-functors and F = {fou, f € E} C O(Y), then u~}(V(E)) =
V(F), wY(D(E)) = D(F) [if u: Y — X is a morphism of k-functors and Z is a subfactor of X,
then u=!(Z7) is defined as the subfactor of Y such that = *(Z)(R) = {y € Y(R)|u(y) € Z(R)}].

Proposition 1.3.2. If X is an affine k-scheme, then

(1) V(E) is an affine k-scheme with O(V(E)) = O(X)/E(O(X)),
(2) if E = {f} has only one element, then D(E) is an affine k-scheme with O(D({f})) =
OX)[f = 0X)[T]/N(Tf-1).

Proof. If X = SpA, and E C A= O(X), then for all R € My,
V(E)(R) = {¢ € Morm, (A, R)|p(FE) = 0} = Morm, (A/EA, R)

D({f})(R) = { € Morm, (A4, R)|p(f) is invertible} 2 Morn, (A[f '], R)
|

Definition 1.3.3. The subfunctor Y of X is said to be closed (resp. open) if for any morphism
u: T — X where T is an affine scheme, the subfunctor u=(Y) of T is of the form V(E) (resp.

For instance, if X is affine, then Y is closed (resp. open) if and only if it is a V(E) (resp.
D(E)). As a corollary, a closed subfunctor of an affine k-scheme is also an affine k-scheme; this
need not be true for open subfunctors: take X = Spk[T,T'] =2 O} and Y = D({T,T"}).

Definition 1.3.4. In the functorial setting, the precise definition of a not-necessarily affine k-

scheme k-scheme is a bit complicated. Let us give it for the sake of completeness:
The k-functor X is a scheme if:

(1) [X is a sheaf for the Zariski Grothendieck topology on M,”] it is a “local” k-functor: for any
k-ring R and any “partition of unity” f; of R (= family of elements of R such that > Rf; = R),

given elements z; € X (R[f; ']) such that the images of x; and x; in X(R[f;lfjfl]) coincide

for all couples (7, j), then there exists one and only one x € X (R) which maps on to the ;.
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1 SCHEMES AND FORMAL SCHEMES

(2) [X has a cover of Zariski open immersions of affine k-schemes| There exists a family (U;) of
open subfunctors with the following properties: each U; is an affine k-functor; for any field
K € My, X(K) is the union of the U;(K).

Proposition 1.3.5. (1) An open or closed subfunctor of a k-functor is a k-scheme,

(2) any finite projective limit (e.g. fibre product) of k-schemes is a k-scheme,

(3) if X is a k-scheme, then X ®j £’ is a k’-scheme.

Remark 1.3.6. As an illustration of (1), let A € My, and E C A(= O(SpA)); then D(E) C SpA

is a k-scheme, because it is local and covered by the affine k-schemes D({f}), f € E.

Also note that the limit of a directed projective system of schemes is not generally a scheme.

1.4 The geometric point of view

Definition 1.4.1. Let X be a k-functor; we want to define a geometric space (topological space

with a sheaf of local rings) |X| associated to X.

First, the underlying set of X is defined as follows: a point of | X| is an equivalence class of
elements of all X (K) where K runs through the fields of My, z € X(K) and 2’ € X(K’) being
equivalent if there exist two morphisms of My, say K — L, K’ — L, where L is a field with
xp = .

Second, the topology. If Y is a subfunctor of X, then |Y| can be identified with a subset of
| X|; we define a subset U of | X| to be open if there exists an open subfunctor Y of X, such that

|Y'| = U; moreover, such a Y can be proved to be unique, and we write Y = Xy;.

Third, the sheaf is the associated sheaf to the presheaf of rings U — O(Xy).

Example 2. As an example, take X = SpA, A € My. Then |[SpA]| is the usual spectrum SpecA
of A; the points of SpecA are the prime ideals of A; the open sets are the |D(S)| = {p|S Z p},
S C A, the sheaf is associated to the presheaf |D(S)| — A[S™!]. (One basic theorem asserts that
the ring of sections of the sheaf over |D({f})|is A[f~!]).

In the general case, for all A € My, and all £ € X(A), the Yoneda morphism SpA — X
associated to £ defines a ringed-space morphism SpecA — |X| and |X| can be proved to be the
inductive limit of the (non-directed) system of the SpecA. (] | I, section 1, n°4)

Theorem 1.4.2. One has the following comparison theorem ([ ] I, section 1, 4.4):
X +— |X| induces an equivalence between the category of k-schemes and the category of

geometric spaces locally isomorphic to a SpecA, A € M.

Remark 1.4.3. One can give a quasi-inverse functor: there is a functorial bijection between X (R)
and the set of geometric-space-morphisms from SpecR to |X|, as follows from the theorem and

Yoneda’s isomorphism.

By this equivalence, one defines geometric objects associated to the k-scheme X : the local ring

Ox o and the residue field k(x), x € | X|; all are k-rings.
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1.5 Finiteness conditions

1.5 Finiteness conditions

Definition 1.5.1. Let k be a field. A k-scheme X is said to be finite if it is affine and if O(X)
is a finite dimensional vector space; if X is finite, then [O(X) : k] is called the rank rk(X) of
X. A k-scheme X is locally algebraic (algebraic) if it has a covering (a finite covering) by open
subfunctors X; which are affine k-schemes such that each O(X;) is a finitely generated k-algebra.

Proposition 1.5.2. If X is an affine k-scheme, then the following conditions are equivalent:
(1) X is algebraic,
(2) X is locally algebraic,

(3) O(X) is a finitely generated k-algebra.

([ | Isection 3, 1.7)

Proposition 1.5.3. (1) It follows from the Normalization lemma that X is finite if and only if
X is algebraic and |X| is finite.

(2) It follows from the Nullstellensatz that if X is locally algebraic and # @ (one defines @(R) = @
for all R, or equivalently |@| = @), then X (K) # @ for some finite extension K of k.

(3) Let X be a (locally) algebraic k-scheme, k algebraically closed; then if U is an open subfunctor
of X, U(k) = @ implies U = @. This easily implies that if one views X (k) as the subspace of
|X| whose points are the z € | X| such that x(z) = k, the open subsets of | X| and the open
subsets of X (k) are in a bijection correspondence (by |U| — U(k)).

It is therefore equivalent to know the k-scheme X, or the k-geometric space X (k) - the only
difference between the X (k)’s and Serre’s algebraic spaces lies in that the latter have no
nilpotent elements in their local rings, whereas the former may have. As we shall see late,
this is an important difference. Serre’s algebraic spaces correspond to “reduced” algebraic k-
schemes (i.e., with no nilpotent elements). A similar disscussion can be made in the case of a
general field k; one has to replace X (k) by the set of closed points of | X | (by the Nullstellensatz,

x € |X| is closed if and only if k(z) is a finite extension of k).

1.6 The four definitions of formal schemes

From now on, k is assumed to be a field.

Definition 1.6.1. We denote by Mfy the full subcategory of My consisting of finite (= finite
dimensional) k-rings. A k-formal functor is a covariant functor F' : Mf, — Set; the category of
k-formal functors is denoted by MfiE; this category has finite projective limits. The inclusion
functor Mf, — My gives a canonical functor MzyE — MfiE called the completion functor: if
X € ME, then X € Mf,E is defined by X(R) = X(R) for R € Mf},. The completion-functor is

obviously left-exact.

If A € Mf, we denote by Spf,A or Spf the k-formal functor R — Morwmg, (A4, R); one has
obviously S/p71 = SpfA, and for any F' € Mf,E a Yoneda isomorphism

MOI‘Mka(SpfA, F) = F(A), A € Mfy,
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1 SCHEMES AND FORMAL SCHEMES

In particular, the functor A +— SpfA is fully-faithful, or, what amounts to the same, the functor
X — X, X a finite k-scheme, is fully faithful. We therefore can view the category of finite k-
schemes as a full subcategory of either MyE or MfiE (we shall say: “the completion does not

change the finite k-schemes”).

Definition 1.6.2 (The first definition). By definition, a k-formal-scheme is a k-formal functor
which is the limit of a directed inductive system of finite k-schemes: F' is a k-formal-scheme if

there exists a directed projective system (A;) of finite k-rings and functorial (in R) isomorphisms:
F(R) = lim Morpg, (4s, R) = li_r)n Spf(A;)(R)
For any k-formal functor GG, one has a Yoneda isomorphism
MoerkE(liLn Spf(A:),G) = liin G(A)

Definition 1.6.3 (The second definition). Let A be a profinite k-ring, i.e., a topological k-ring
whose topology has a basis of neighborhoods of zero consisting of ideals of finite codimension;
one also can say that A is the inverse limit (as a topological ring) of discrete quotients which are
finite k-rings. If R € MfyE, we define Spf(A)(R) as the set of all continuous homomorphisms of
the topological k-ring A to the discrete k-ring R; if (4;) is the family of discrete finite quotients
of A defining its topology, then obviously Spf(A)(R) = lim_, Spf(A;)(R), and SpfA is a k-formal

scheme.

Theorem 1.6.4. If ¢ : A — B is a morphism of profinite k-rings, then Spfy : SpfB — SpfA is
obviously defined, then we have A — SpfA is an anti-equivalence of the category PMj, of profinite

k-rings with the category of k-formal-schemes.

Proof. We first prove that Spf is fully faithful: let A and B be two profinite k-rings and (A;) be

the family of all finite discrete quotients of A. We have isomorphisms
Morwms, g (SpfA, SpfB) = ligl(Spr)(Ai) = lim Morpwm, (B, 4;) = Morpwm, (B, A)
+—

We now prove that any k-formal-scheme F' is isomorphic to a Spf A. By definition there is a directed
projective system (A;) of Mf such that F' is isomorphic to lim_, SpfA;; let A be the topological
k-ring lim. A;; we shall prove that A is a profinite k-ring and that lim_, SpfA; = Spf A.

Let us fix an 7; the images of the transition maps f;; : A; — A;, j > 4, form a directed
decreasing set of sub-k-rings in the finite k-ring A; (then the set of f;(A;) only has chains with
finite length); it follows that there is a j(i) > ¢ such that

fij(i) (A)(Aj(i)) = m Aij
Jj>i

it implies that, if we replace each A; by A}, =) > A;;, we change neither the topological k-ring
A, nor the functor lim_, SpfA;. We can hence suppose that all transition maps A; — A; are
surjective. It is now sufficient to prove that the projections A — A; are surjective; this would

imply both our assertions.

Let now C; be the k-vector space dual to A;; the C; form a directed inductive system with

injective transition maps; call C' = lim_, Cj; each canonical map C; — C' is injective. Let C* be
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1.6 The four definitions of formal schemes

the dual space of C. The dual maps C* — A; are surjective and form a projective system; they
factorize through A and the projections A — A; are a fortiori surjective. In fact, the canonical
map C* — A is bijective; if v € C* maps to 0 on each A;; then the linear form v over C' vanishes
on each C;, hence is zero; conversely, if a € A, then the projection of a on each A; is a k-linear
form on Cj; these linear forms match together, and define a k-linear form on C', which means that

a belongs to the image of C*. |

Definition 1.6.5 (The third definition). A k-cogebra is a k-vector space C' together with a k-
linear map A : C' — C ®; C. We say that C' is a k-coring if A is coassociative, cocommutative,

and has a counit €; let us make these three notions precise.

(1) A is coassociative if (A ® id¢) o A = (idg ® A) o A, in the following diagram

idc®A
C—(CRC —=0CCxC
ARido

(2) A is cocommutative if the image of A consists of symmetric tensors; equivalently, if co A = A

where o(z®@y) =y @ x.

(3) A counit € to A is a k-linear form € : C'— k such that the two maps
cHceci ok o

cAcec Y g0 C
are id¢.
If C is a k-cogebra, then the dual k-vector space C* has an algebra structure defined by
(x-y,u) ={x®@y,Au), z,y € C*,u € C. If C'is a k-coring, then C* is a ring.

Conversely, if A is a finite k-algebra, the dual space A* has a natural cogebra structure, which

is a coring structure if A is a ring.

The morphisms of k-corings are defined in an obvious way, and the k-corings form a category.

Lemma 1.6.6. Let A and R be two finite k-rings, and A* the dual k-coring of A. Linear maps
A — R correspond bijectively to elements of the tensor product A* ® R; the k-linear maps A 4+
and €4+ extend to R-linear maps A*® R — (A*® R) ® (A* ® R) and A* ® R — R which also we
denote by A and e. We then have the k-linear map A — R associated to v € A* ® R is a ring

homomorphism if and only if Au —u ® u and eu = 1.

We therefore have a functorial isomorphism
SpA(R) ={u e A" @ R|Au=u®u,eu =1}

Definition 1.6.7. For any k-coring C', we define the k-formal functor Sp*C by Sp*C(R) = {u €
C ® R|Au=u® u,eu = 1}. We thus have a covariant functor Sp* from the category of k-corings

to he category of k-formal functors.

Theorem 1.6.8. The functor Sp* is an equivalence between the category of k-corings and the

category of k-formal-schemes.
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1 SCHEMES AND FORMAL SCHEMES

Proof. As we have already seen Sp* induces an equivalence between the category of finite k-corings

and the category of finite k-schemes by the formula.

SpfA = Sp*A*

We have already seen that any k-formal-scheme F' is an inductive limit of finite schemes Spf(A;)
with surjective transition maps A; — A;; the inductive limit C' = lim_, Aix is naturally endowed

with a k-coring structure, and, for any R € Mf}, we have

Sp”C(R) = lim Sp" A} (R) = lim Spf A;(R) = F(R)

The only point that remains to be checked is that any k-coring is a union of finite dimensional

ones:

Lemma. If C is a k-coring, and E a finite dimensional subvector space of C, there exists a
finite-dimensional subvector space F' of C with £ C F and AF C F® F.

We need only prove the lemma for [E : k] = 1, say E = kx. Let a; be a k-basis of C' and write
Ax =Y x; ®a;; put F=> kx;; one has x = (1 ® €)A(x) =Y zie(a;) € F, and
ZA@@ai =(A®1)Az=(1® A)Ax = Zazi@Aai

if Aa; = ) bij ® aj, this gives Az; = Y x; ® bj; € F ® C, hence AF C FF® C. Since A is
cocommutative, we have AF C C ® F, hence AF C F® F. [ |

Remark 1.6.9. If C is a k-coring, let C* be the k-dual space of C with the linear topology defined
by the subspaces of C' which are orthogonal to the finite-dimensional subcorings of C. Then, what

we have proved already in the previous gives: the k-ring C* is profinite and

Sp*C = SpfC*

Conversely, we can recover C as the set of continuous linear forms on C*: if A is a profinite

k-ring, write A’, for the set of continuous linear forms on A, then

SpfA = Sp*A’
Theorem 1.6.10 (The fourth definition). The fourth definition of k-formal scheme is from a
purely functorial point of view:

The k-formal functor Mf, — E is a k-formal scheme if and only if it is a left exact functor.

Recall that a left exact functor is one which commutes with finite projective limits (i.e., which
commutes with fibre products and with the final objects). Any Spf(A), A € Mfy is clearly left
exact (this is true in any category, and is the very definition of finite projective limits) hence also

any inductive limit of Spf(A4;), A; € Mfy, i.e., any k-formal-scheme, is left exact.

A proof of the converse can be found in [ ] V, section 2, 3.1. This fourth definition will

not be used in the sequal.
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1.7 Operations on formal schemes

1.7 Operations on formal schemes

Proposition 1.7.1. A finite projective limit of k-formal-schemes is a k-formal-scheme.

For instance let F; — F < F5 be a diagram of k-formal-schemes corresponding to a diagram
Ay +— A — Ay of profinite k-rings; then Fy xp F5 is a k-formal scheme corresponding to the
profinite k-ring A& 1Ay, where

A1@a Ay = 1iglA1/I1 ®a Az/I>

where I (resp. I3) runs through the open ideals of Ay (resp. As); A;® 4 A5 can also be defined as
the completed ring of the usual tensor product A1 ® 4 Ay for the topology given by the A1 ® Iy +
I ® As.

The description from the coring point of view is a bit more difficult. Let C4 2 0 & Oy be
the corresponding coring diagram. Then the k-coring D defining the fibre product is the kernel
of the map from C1 ® Cy to C which sends 1 ® zo to ¢1(x1)e2(z2) — €1(21)p2(22); the canonical
maps D — C7 and D — Cy are defined by z1 ® zg +— z1€2(x2) and z1 ® xg +— €1(x1)x2.

*

More particularly F} x F5 corresponds to the profinite k-ring A;®As and to the coring AT®AS:
SpfAl X SpfA2 = Spf(A1®A2)

Sp*Cl X Sp*CQ = Sp*(cl) = Sp*(cl & 02)
(note that the maps C1 ® Cy — C;, i = 1,2, are defined by the counits).

Lemma 1.7.2. Let f = Spf¥ = Sp*y be a morphism of k-formal schemes. Then

f is a monomorphism <= V¥ is surjective <= ¢ is injective

Proof. Clearly,

 is injective = W is surjective = f is a monomorphism

Conversely, if f : X — Y is a monomorphism, then (general nonsense) the diagonal morphism
X — X xy X is an isomorphism. If ¢ : C — D is the corresponding coring morphism, then the

following sequence
0-C5C®C3D

is exact, where u(z) =z ®@ z, v(x ® y) = ec(x)p(y) — ec(y)p(x). If a € Ker(p), then ec(a) =
ep(p(a)) = 05 it follows that for any x € C, one has v(z ® a) = 0; hence C ® (Kergp) C u(C).
This implies Ker(p) = 0, or [C : k] = 1,¢ = 0; in the latter case, one has e¢ = p oep = 0, and
this implies that C' = 0 (for instance because idy, = 0 implies C* = 0). [ |

Proposition 1.7.3. The category of k-formal-schemes has infinite direct sums:

JISpfA; = spf [ A
[Isp Ci=5sp*> ¢

Definition 1.7.4. A formal scheme F' is said to be local if it is isomorphic to a SpfA where A is
a local ring; equivalently, Card(F(K)) must be 1 for all fields K € Mfj,.
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1 SCHEMES AND FORMAL SCHEMES

Proposition 1.7.5. Any formal scheme is a direct sum of local formal-schemes: if A =lim, A/I;
is a profinite k-ring, let © be the set of all open maximal ideals of A; the Artinian k-ring A/I;
is a product of local rings, which are the localized rings (A/I;)y/7,, where m runs through the
elements of € containing I;; since (A/l;)m = (A/li)m/1,, if m 2 I; and {0} otherwise, we have
AL = [[wea(A/I;)m; defining Ay, as the limit of the (A/1;)m, we get
A= H Am
me)

(each Ay being local, as a directed projective limit of local rings).

Definition 1.7.6. Let k' be an extension of k; we define the base change functor by the following
formulas

(SpfA) @ k' = Spf(A @ k')
(Sp*C) @ k' = Sp™(C @y k)
If k' /k is finite, then this base-change functor is the obvious one, defined by (F ®j k')(R) =
F(Rpy).

Remark 1.7.7. If X is a k-scheme, then its completion X isa k-formal scheme: more precisely,
X is the direct sum of the Spf(A)X’m where x runs through the points of x such that [k(x) : k] < oo,
and where Spf AOXJ s the completion of AOX,QC defined by the ideals of finite codimension. If X is
a (locally) algebraic k-scheme, then these x are precisely the closed points of X, and f);m is the
completion of Ox . for the usual adic topology. For instance, if X = SpA, where A is a finitely
generated k-ring, then X = ]_[Spf/im, where m runs through all mazximal ideals of A, and f/l,\n is
the completion of the local ring Ay for the m-adic topology. The functor X — X is left exact and

commutes with base-change.

1.8 Constant and etale schemes

For the moment, let us drop the assumption that k is a field.

Definition 1.8.1. Given a set E, we define the constant scheme Ej to be the direct sum (in the
category of k-schemes)
By, = (Spk)'®)

equivalently, |Fy| is the direct sum (Speck)®).
For any scheme X, we have canonical bijections
Morng, 1 (B, X) = Morm, g (Sppk, X)) 22 X (k) ®) = Morget(E, X (k))

so that F +— Ej is the right adjoint functor to X + X (k). This implies that F — Ej commutes

with finite projective limits.

If k' € My, one has a canonical isomorphism
E, 2~ B, @ K

Remark 1.8.2. If X is a scheme, then Mora, (X, E) can be identified with the set of continuous
(i.e., locally constant) maps of | X| to the discrete space E.
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1.9 The Frobenius morphism

Proposition 1.8.3. If E is finite, then E}, is affine and Oy (E}) is the k-ring k%.

Definition 1.8.4. Let now k be again a field. We define the constant formal-scheme Ej, as the
completion of Fj, or equivalently, as the direct sum (Spf)(E). Then Ej = Spfk¥, where k¥ has
the product topology.

A k-scheme (resp. k-formal-scheme) is called constant if it is isomorphic to an Ej, (resp. Ej).
The completion functor induces an equivalence between the category of canstant k-schemes and

the category of constant k-formal schemes.

We define now an etale k-scheme (resp. an etale k-formal-scheme) to be a direct sum of Sp

(resp. Spf) of finite separable extensions of k.

Proposition 1.8.5. Let k be an algebraic closure of k, and ks the subextension consisting of
all separable elements of k. Then for a k-scheme X (resp. a k-formal scheme X), the following

conditions are equivalent:

X is etale, X ®;, k is constant, X ®y, ks is constant

This proposition is an easy consequence of the following: if A is a k-ring, then A is a finite
product of finite separable extensions of k if and only if A ®, k is a finite power of k, or A ®}, ks

a finite power of k.

Proposition 1.8.6. Let II be the Galois group of k4/k; it is a profinite topological group. Let X
be an etale k-scheme; then II operates on the set X (ks) and the isotropy group of any = € X (k)
is open in II (one calls X (ks) a II-set). The fundamental theorem of Galois theory is equivalent to:

X — X (ks) is an equivalence between the category of etale k-schemes and the category of Il-sets.

Note also that X — X is an equivalence between the categories of etale k-schemes and etale
k-formal schemes.

1.9 The Frobenius morphism

Remark 1.9.1. We suppose now that the characteristic p of the field k is > 0.

Definition 1.9.2. For any k-ring A, we denote f4 : A — A the map x — aP; we denote by
Ajy) the k-ring deduced from by the scalar restriction fy : k — k, and AP ;A @k, f,, k the k-ring

obtained by the scalar extension fj.

Then fa: A — Ay is a k-ring morphism, and defines a k-ring morphism
Fa: AP 5 A 2@\ =aP)
If X is a k-functor, we put X® = X ®p,t k, so that
XP(R) = X(Ryy)
and we define the Frobenius morphism Fy : X — X®) by
Fx(R) = X(fr) : X(R) = XP(R) = X (Ryy))
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1 SCHEMES AND FORMAL SCHEMES

For example, if X = Sp,A, then X®) = Sp, AP) and Fy = Sp,F4. More generally, if X is a
k-scheme, X is a k-scheme. If k = Fp, then X ) = X, but Fy # idx in general. If k' is
an extension of k, then (X ®; k¥')® = X® @, k' and Fxew = Fx ®p k' (obviously from the
definition).

Analogous definitions can be given for formal-functors and formal-schemes and the completion

functor commutes with these constructions.

Proposition 1.9.3. Let X be a k-formal scheme, or a locally algebraic k-scheme; then X is etale

if and only if F'x is a monomorphism, or if and only if F’x is an isomorphism.

Proof. Let us give the proof in the case of a locally algebraic k-scheme. We can replace X by
X ®y, k, hence suppose that k = k. If X is constant, then Fyx is an isomorphism. Conversely,
suppose that F, is a monomorphism; let U = SpA be an algebraic open affine subscheme of X;
then Fy is a monomorphism and we have to prove that A is a finite power of k. Let m be a
maximal ideal of A; write A/m? = A/m @ m/m? and look at the following maps: the first one is
the canonical map u : A — A/m?, the second one is v : A — A/m — A/m & m/m?. Trivially
uo F4 = vo Fy; but by hypothesis F4 is an epimorphism of My, and this implies ©u = v, i.e.,
m/m? = 0. For any maximal ideal m of A, we therefore have m = m?, and this in turn implies in

a well-known manner that A = k™. [ |

1.10 Frobenius map and symmetric products

Definition 1.10.1. Suppose again p # 0. Let V be a k-vector space, PV the p-fold tensor
product of V', T'SPV the subspace of symmetric tensors and s : @V — T'SPV the symmetrization

operator:
s(a1 @+ ®ap) = Zaa(n @ @ g (p)

where o runs through the symmetric group &,. Let oy : V(®) — TSPV be the linear map sending
a@AtoNa®---®a).

Lemma 1.10.2. The composite map V(@ 2X TSPV — TSPV/s(®PV) is bijective.
Definition 1.10.3. Define the canonical map Ay : TSPV — V®) by Ay os =0, Ay oay =id.

Remark 1.10.4. If A is a k-ring, then TSP A is a ring and A4 a k-ring homomorphism (because
s(®PA) is an ideal in TSPA by the formula s(uv) = us(v) for u symmetric). If X = SpA, we
denote Sp(T'SPA) by SPX (p-fold symmetric power of X ). One has then the following commutative

diagram:

Xp @, grx

i

X — x®
Fx

which gives another definition for Fx.

Theorem 1.10.5. Let now C be a k-coring, and consider the Frobenius morphism F : Sp*C' —
Sp*C®) (it is clear that (Sp*C)®), where C®) = C @k, f k). There exists a unique coring map
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Vo : C — C®) such that F = Sp*Vg. The pth iterate A, : C — ®&PC of A : C' — ®2C (defined
inductively by Ag = A, A3 = (1@ A)ocA=(A®1)oA,---) maps C in TSPC, and we have the
theorem V¢ : C' — ¢®) is the composite map C —A—p—> TSPC 225 W),

Proof. Let A be the (profinite) k-ring C*; then A®) = (¢®))* = (C*)®), If a € A,z € C, one
has by definition (a ® 1,V (x)) = (aP,z) where a ® 1 € (C*)P) = C* @ ; k and V(z) € CP),
By definition of the multiplication of A, one also has (a?,z) = (¢ ® --- ® a, Apx) in the duality
between ®P A and ®PC. But a® - - - ® a is symmetric, and Ap(z) = ac(y) + s(v) for y = AcA,(x)
and a suitable v € ®PC. Since (a ® --- ® a, s(v)) = 0, this gives

(a®1,V(z) =(a® - ®a,ac(z)) =(a®1,y)
and V(z) =y = AcAp(z), as claimed above. [ |

Corollary 1.10.6. X = Sp*C = SpfA is etale if and only if F} is surjective (resp. bijective) and

if and only if Vi is injective (resp. bijective).

2 Group-schemes and Formal Group-schemes

2.1 Group-functors

Definition 2.1.1. Let k be a ring. A group law on a functor G € My, is a family of group-laws
on all the G(R), R € My, such that each functoriality map G(R) — G(S) is a homomorphism.

Equivalently, a group law on G is a morphism
T:GxG—G

such that
m(R) : G(R) x G(R) = G(R)

is a group law for all R; this condition is equivalent to the axioms:

o (Ass) The two morphisms 7 o (7 X idg) and 7o (idg x ) from G X G X G to G are equal.

e (Un) There exists an element 1 € G(k) (or equivalently a morphism eLSpk — G) such that
mo (idg x e) and 7o (e x idg) are equal to idg.
id
e (Inv) There exists a morphism o : G — G such that the two morphisms G a9 v & G

and G M G x G5 G are equal to idg.

We are principally interested in commutative group laws, i.e., such that G(R) is commutative for
all R, i.e.

e (Com) If 7: G x G — G x G is the symmetry, then 7 o7 = .

A k-group functor is a pair (G, ), where G is a k-functor and 7 a group-law on G. The k-group
functors form a category, a homomorphism f : G — H being a morphism such that f(R) : G(R) —
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2 GROUP-SCHEMES AND FORMAL GROUP-SCHEMES

H(R) is a group-homomorphism for each R, or equivalently such that (f x f)oAg = Ago f. The

category Gry, of k-group-functors has projective limits. For instance:
- The final object e, = Spk has a unique group law.

-If G - H + K is a diagram of Gryg, the fibre product G xgy K has an obvious group law,
for which it is the fibre product in Gry.

- In particular, if f : G — H is a homomorphism, then the kernel Ker(f) of f is the sub-functor
G x ep of G; equivalently

Ker(f)(R) = Ker(f(R) : G(R) — H(R))

The homomorphism f is a monomorphism if and only if Ker(f) = eg.
- The definition of a subgroup functor is clear.
A k-group-scheme or k-group is a k-group functor whose underlying k-functor is a scheme.

The base change functor Gr, — Gry/, for k' € My, is obviously defined.

2.2 Constant and etale k-groups

Definition 2.2.1. The functor F — Ej from sets to k-schemes commutes with products and final
objects; it follows that Ej has a natural group-law if E is a group. Such a k-group is called a

constant k-group.

Proposition 2.2.2. Suppose k is a field and II the Galois group of ks/k; the functor X — X (k)
from etale k-schemes to Il-sets is an equivalence; it follows then from the definition of a k-groups,
and the fact that a product of etale schemes is also etale: The functor X — X (k) is an equivalence
between the category of etale k-groups (resp. commutative etale k-groups) and the category of

II-groups (resp. commutative II-groups = Galois modules over II).

Moreover, X is an etale k-group if and only if X ®; ks is a constant k-group.

2.3 Affine k-groups

Definition 2.3.1. Let G = Sp;, A be an affine k-scheme. The morphism 7 : G x G — G are the
SpiA where A : A - A®j A is a k-ring morphism. Moreover 7 satisfies Ass, Com, Un if and only
if coassocaitive, cocommutative, has a counit. The condition (Inv) is equivalent to (Coinv): there

exists 0 : A — A such that the composite maps
i d
A—A—)A®A idg®o A® A product A

A _A_> A A o®id 4 A® A product A

are the composite map A = k — A. Such a o is called an involution, or antipodism. If one
identifies A with O(G), A ® A with O(G x G), then

(Af)(z,y) = flzy), of(x)=fla™h), ef = f(1)

for z,y € G(R), R € M.
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2.3 Affine k-groups

We shall be interested in commutative groups. Let us define a k-biring A as a k-module,
together with a structure of k-ring and a tructure of k-coring, which are compatible in either of

the two equivalent following senses:
- the product A ® A — A is a k-coring morphism.
- the coproduct A — A ® A is a k-ring morphism.

Then, the category of commutative affine k-groups is antiequivalent to the category of k-birings
with antipodism by G — O(G) and A — SpA (the morphisms of birings are defined in the obvious

way).

A very useful remark is the following: let G be an affine k-group and A = O(G) [then
My (A, R) = G(R) for any R € My],

(1) in the group G(A®RA) = My (A, A® A), A4 is the product of the canonical mapsi; : a — 1®a
and is:a—~a® 1,
(2) in the group G(A) = My (A, A), o4 is the inverse of id 4,
(3) €a is the identity of G(k) = My (A, k).
These facts are trivial: for instance (1) says that if H is a group, the map (z,y) +— xy is the
product (z,y) — x and (z,y) — v.

Example 3. The additive group «y is defined as follows: ai(R) is the additive group of R; then,
by the above remarks:
O(ak) = k[T’

(T is the identity ap — O), AT =T @1+1®7T, T =T, I =0.

Example 4. The multiplicative group py is defined as follows: pux(R) is the multiplicative group
of invertible elements of R; hence
O(:u’k) = k[Tv Tﬁl]

(T : py, — Oy, is the inclusion), AT =T ®T, cT =T~ ', T = 1.

Example 5. Let n > 1 be an integer. We define a group homomorphism gy, — uy by = — .
The kernel of this homomorphism is denoted by ,u;. Hence

nik(R) ={x € R, 2" =1}

O(npre) = K[T]/(T" = 1)

with the same formulas as above. Note that if & is a field and n is not 0 in k, , 1y is etale (because

T™ — 1 is a separable polynomial) and ,ug(ks) is the Galois module of nth roots of unity.

Example 6. Let k be a field with characteristic p # 0. One defines ,ray as the kernel of the

homomorphism z — z?" of ay, in itself. Hence
prog(R) = {z € R, 2 =0}
O(yray) = k[T)/T"

Note that ,ray(K) = {0} for any field K.
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2 GROUP-SCHEMES AND FORMAL GROUP-SCHEMES

Remark 2.3.2. Remark that oy Qp k' = apr, g Qp k' = piger, - -

Lemma 2.3.3. The remarks we made about the construction of A, e can be generalized in the
following way. Let H be any k-group functor, and G = Sp,A be an affine k-group. Let f €
Morm, (G, H) = H(A); consider the three maps 41,42, A : A - A® A. Then:

The element f € H(A) is a group homomorphism from G to H if and only if in the group
H(A®A), one has A(f) = i1(f)i2(f). Because, if H(A® A) is identified with Mornm, g(G x G, H),
then A(f),i1(f) and ia(f) map (x,y) to f(xy), f(x), f(y) respectively.

Example 7.
Morgy, (G,an) ={r € A, Az =221 +1}

Morgy, (Gyprag) = {z € AP =0, Az =21+ 1@}
Morgy, (G, up){r € A, Az =z Q@ z,ex = 1}

Remark 2.3.4. As for the latter, remark that the lemma gives: x € A = Morpy,r(E, Of) is a
homomorphism from G to py if and only if Ax = * ® x, and x is invertible. But this implies
ex =1 (because a group homomorphism sends 1 to 1); conversely, if Ax = x ® x and ex = 1, then
by (Coinv) xo(x) =ex =1

Morgy, (G) ={z €A, 2" =1, Ao =z ®x,ex =1}

2.4 k-formal-groups, Catier duality

Definition 2.4.1. Suppose now that k is a field. A k-formal group is a k-formal-group-functor
whose underlying k-formal-scheme. For k-formal-groups, we can replace tensor products, by com-
pleted tensor products: the coproduct maps A to A®A, --- If G is a k-group, then G has a natural
structure of a k-formal group. For instance, G — G is an equivalence between constant (resp.

etale, resp. finite) k-groups and constant (resp. etale, resp. finite) k-formal groups.

Remark 2.4.2. [t is more interesting to look at formal-groups from the point of view of k-corings.
Let G = Sp*C be a k-formal-scheme; to give a morphism 7 : G x G — G is equivalent to give a
k-coring map C @ C — C, i.e., an algebra structure on C compatible with the coring structure;
moreover, T is a group law (resp. a commutative group law) if and only if this algebra structure
is associative, has a unit element and an antipodism (same aziom as (Coinv)) (resp. and is
commutative). In particular, is an equivalence between k-birings mith antipodism and commutative
k-formal-groups. It follows that SpC — Sp*C is an anti-equivalence between commutative affine

k-groups and commutative k-formal-groups. This can also be explained as follows:

For any commutative k-group-functor G, we define the Cartier dual of G as the commutative
k-group-functor D(G) such that, for R € M,

D(G)(R) = Morgr, (G ®% R, ur)

if G and H are two commutative k-group-functors, then it is equivalent either to give a homomor-
phism G — D(H), or a homomorphism H — D(G), or a “bilinear” morphism G x H — pj. In

particular, there is a canonical biduality homomorphism

ag : G — D(D(G))
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2.5 The Frobenius and the Verschiebung morphisms

If k' € My, then D(G R k‘/) = D(G) Rk /{3/, and ageLk = ag K.

Theorem 2.4.3. (1) If G is an affine commutative k-group, D(G) is a commutative k-formal
group. More precisely, if G = SpA, where A is a k-biring with antipodism, then D(G) = Sp*A. The
functor G — D(G) is an anti-equivalence between affine commutative k-groups and commutative

k-formal-groups.

(2) If G is a finite commutative k-group, then D(G) also is; o is an isomorphism, and G

D(G) induces a duality in the category of finite commutative groups. Moreover, rk(G) = rk(D(G)).

Proof. Let G = SpA, where A is a k-biring with involution. Then, for R € Mf},

D(G)(R) = Morgy (G ®; R, pug) = {z € A®, R, Az =3 @ z,ex = 1} = Sp*A(R)
to prove (1); it remains only to show that the multiplication in A giving the group structure of

D(G) is the given one; this verification is straightforward. The proof of (2) is similar. [ |

Example 8. (1) D(Z/nZ)y =y pux and conversely.

(2) (char (k) = p # 0) There is a canonical bilinear morphism
f:pozkxpoek—>,uk

given by f(z,y) = exp(zy) = 1+ay+- -+ (xy)?~!/(p—1)!. It defines an isomorphism D(,ay) =,

QL.

(3) D(pr) = Zy, hence D(py) = Zn.

2.5 The Frobenius and the Verschiebung morphisms

Remark 2.5.1. Suppose char (k) = p # 0. The functor G — G® and the morphism Fg :
G — GV commutes with products. This implies that, if G is a k-group-functor, then G® has
a natural structure of a k-group-functor, and Fg is a homomorphism. The same is true for

k-formal-group-functors.

Proposition 2.5.2. We define G#") by G®") = (GE"))®) and F2 : G — G@) by F2 =
Fg(_ml o Fg. Let G be a commutative affine k-group, we have D(G®) = D(G)®). By Cartier
duality, there is therefore a unique homomorphism (the Verschiebung morphism)

Vo:GP - G

— —

such that D(Vg) = be(\G). If G = SpA, then D(G) = Sp*A, and we see that Vi = SpVy.

In the same way, we define the Verschibung homomorphism for commutative k-formal groups.
One defines also V% : G®") = G in the same way as Fg.

Proposition 2.5.3. If f : G — H is a homomorphism of commutative affine k-groups (or k-formal

groups), then the following diagram is clearly commutative:

aw) Ve, o _fo . ap
f(p)l lf lf(p)
o) Vo g _Fa g
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Proposition 2.5.4. If G is an affine commutative k-group (resp. a commutative k-formal group),
then

Vg o Fg =pidg, FgoVg=pidge
Equivalently, Vo (Fg(x)) = pz, Fo(Va(x)) = pr (additive notation).
Proof. 1t is sufficient to prove this for the affine case, because the formal case follows by Cartier

duality. Moreover, the first formula (for any G) implies the second one; by the functorial of F' and

Y, one has a commutative diagram,

«—

lFG(p)

(?)

Q

and FG (e} VG = VG(p) @) FG(p).

To prove Vg o Fg = pidg, one has a commutative diagram (where A = O(G)):
TSPA — ®PA
\ y
A
5

Fy

product

AP A

or

S A/

~
V

G el a

with §(g) = (g,--- . 9), and mp(g1, -~ ,gp) = g1 + - + gp. Then Vo Fg = mp 06 = pidg. u
Remark 2.5.5. The above diagram gives a direct definition of V.
Example 9. V : up — pg is the identity, V : ap — aj is zero. This follows from the fact that F

is an epimorphism for oy, and py and that pid,, = F),, , pid,, = 0.

2.6 The category of affine k-groups

Definition 2.6.1. Recall that k is supposed to be a field. Let ACy be the category of all affine

commutative k-groups

Theorem 2.6.2 (Grothendieck). The category ACjy is Abelian.

(a) ACy is an additive category; clear.
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2.6 The category of affine k-groups

(b) Any morphism f : G — H of ACy has a kernel: one has
Ker(f) = G xpe,  O(Ker(f)) = O(G)/m(H)O(G)
(m(H) = Kerey : O(H) — k). Remark that O(G) — O(Ker(f)) is surjective.
(¢) Any morphism f: G — H of ACy has a cokernel; One takes Cokerf such that

O(Cokerf) = O(H)“ = {f € O(H), f(g+ h) = f(h), Vg € G(R),h € H(R)}
={f€OH),120(f)Au(f) = f &1}
Remark that O(Cokerf) — O(H) is injective.

(d) There is only one thing more, and this is the fundamental fact, that any monomorphism

is a kernel, and any epimorphism is a cokernel.

More precisely

Theorem 2.6.3. Let f: G — H be a morphism of ACy.

(1) The following conditions are equivalent:

e f is a monomorphism,
o O(f) is surjective (i.e., G is a closed subgroup of H),

e f is a kernel.
(2) The following conditions are equivalent:

e f is an epimorphism,

O(f) is injective,
o O(f): O(H) — O(G) makes a faithfully flat O(H )-module,

o O(f) is a cokernel.

For a proof see | | 111, 3.7.4. The main point is (f mono)=-(f kernel) or equivalently (f
mono)=-(f = Ker(Cokerf)).

Corollary 2.6.4. If k’ is an extension of k, then G — G ®y, k' is an exact functor.

Corollary 2.6.5. Let 0 - K — G — H — 0 be an exact sequence, then the O(G)-algebra
O(G) ®@o(my O(G) is isomorphic to O(G) @ O(K).

Clear, the morphism (g, k) — (g,gk) of G x K — G x g G is an isomorphism.

Corollary 2.6.6. If 0 - K — G — H — 0 is an exact sequence with K algebraic (resp. finite
of rank r); then O(G) is a finitely presented O(H)-ring (resp. a finitely generated projective
O(H)-module of rank 7).

As O(G) — O(H) is faithfully flat, this also follows from that O(G)®@pm)O(G) = O(G)RO(K)
as O(G)-algebras.
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Corollary 2.6.7. If 0 -~ K — G — H — 0 is an exact sequence, then G is algebraic (resp. finite)
if and only if H and K are. In the finite case, one has rk(G) = rk(K)rk(H).

If O(G) is finitely generated or finite, so is the subalgebra O(H) and the quotient O(K). The

converse and the last assertion follow from the above corollary.

Corollary 2.6.8. If f : G — H is an epimorphism (resp. and if Kerf is algebraic, resp. finite)
and if R € My, and h € H(R), there exists an R-ring S faithfully flat (resp. and finitely presented,
resp. finite and projective) and a g € G(S) such that f(g) = hg.

Corollary 2.6.9. If f : G — H is an epimorphism with Kerf algebraic, if L € My is a field, and
h € H(L), there exists a finite extension L’ of L and a g € G(L') with f(g) = hy,.

Remark 2.6.10. If f is an epimorphism (without any hypothesis on Ker(f)), then f(L) is
surjective for any algebraically closed field L.

Remark 2.6.11. By Cartier duality the category of commutative k-formal groups also is Abelian,
and Spf(p) is a monomorphism (resp. an epimorphism) if and only if ¢ is surjective (resp.

injective).
Theorem 2.6.12. (a) The Abelian category AC satisfies the axiom: it has directed projective
limits, and a directed projective limit of epimorphisms is an epimorphism.

(b) The Artinian objects of ACy are the algebraic groups. Any object of ACy is the directed

projective limit of its algebraic quotients.

Proof. (a) is clear from 2.6.3: One has lim. Spyp; = Splim_, ¢; and a directed inductive limit of

injective maps is injective.

For (b), see [ ] 11, 2.3.7. [ ]

By Cartier duality, the dual statements hold for the category of commutative k-formal-groups.

Remark 2.6.13. From now on we shall mainly speak about commutative groups. We say group
instead of commutative group unless otherwise states. From now on also, k is a field, p denotes
the characteristic of k, and 11 = Gal(ks/k). Our main interest will be the case p # 0. As we shall

see, the case p = 0 is rather trivial.

2.7 Etale and constant formal-groups

Remark 2.7.1. We already defined and studied etale affine (resp. formal) groups. They are
equivalent to finite (resp. all) Galois modules by

E (E Xk ks)(ks) = U E(K)
K/k sep finite

If p #£ 0, then G is etale iff KerFo = e, and this implies that F is an isomorphism. It follows
that subgroups, quotients and extensions (direct limits in the formal case) of etale groups also are

etale. The same statement is true if p = 0.
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Recall, that the formal-group G = SpfA is local (We shall also say connected) if A is local or
equivalently if G(K) = {0} for any field K. A morphism from a connected group to an etale group

1S Zero.

Proposition 2.7.2. Let G be a formal-group.

(a) There is an exact sequence (unique up to isomorphism)
0—-G° =G —m(G) =0

where G is connected, and 7(G) etale. If R € Mfy, and n is the nilradical of R then G°(R) =
Ker(G(R) — G(R/n)). If p # 0, then G° is the limit of the Ker(F2 : G — GP"), n > 0. If k — k'
is an extension then (G ® k')? = G @4 k', 10(G @ k') = 7o(G) @1 k.

(b) If k is perfect, there is a unique isomorphism G = G° x 7o(G).

Proof. Write G = SpfA = [[SpfAn. Let A° be the local factor Ay, corresponding to the ideal
mg = Ker(e : A — k). Call G° = SpfA% by construction, G°(R) = Ker(G(R) — G(R/n)) for
R € M,; it follows that G is a subgroup of G. If k — k’ is an extension, then A% ®;, &’ is local,
because the residue field of A% is k; it follows that (G ® k')° = G° ®, k’. Suppose p # 0, then
KerF}, = SpfA/mgn, where mgn is the closed ideal of A generated by the 2P", € mg; hence
U,, KerFZ = Spf(lim A/mgn) = SpfAy = G°. To prove (a), it only remains to show that G/G°

is etale.

Remark first that G is etale if and only if G° = e: replacing k by k to be algebraically closed;
if GO = e then A = k; but then all the A, are isomorphic (by translation); hence A = k¥ and G
is etale. To prove G/GY is etale is therefore equivalent to prove (G/G°)? = ¢; if H is the inverse
image of (G/G°)° in G, then H is an extension of two connected groups; this implies that H is
connected (for any field K in Mfy then 0 — G°(K) — H(K) — (G/G°)(K) is an exact sequence,
hence H(K) = {0}) hence H C G, i.e., H = G" and (G/G°)? =e.

Suppose now k is perfect. Let kyn be the residue field of Ay, and B = []kn. Then SpfB
is etale and is a subgroup of G (because B is quotient biring of A); put G¢ = SpfB. Then

(G @1 k)¢ = G° ®}, k as is readily checked, and G is the product of G° and G¢, because this
becomes true by going to k. |

Definition 2.7.3. An affine group G is said to be infinitesimal if it is finite and local, equivalently,

if G is algebraic and G(k) = e. By the preceding proposition, we see that a finite group is an

extension of an etale group by an infinitesimal group and this extension splits if k is perfect.

Definition 2.7.4. A (not-necessarily commutative) connected formal group G' = SpfA is said to
be of finite type if A is Noetherian; the dimension of G is by definition the Krull dimension of A.
Let m be the maximal ideal of A; it is well-known that A is Noetherian if and only if [m/m? :

k] < 0o, and that dim G < [m/m? : k.

Lemma 2.7.5. A connected formal group G is of finite type if and only if KerFy is finite. If G
is of finite type, then Ker(Ff) is finite for all n.

23 2023.9



2 GROUP-SCHEMES AND FORMAL GROUP-SCHEMES

Proof. If KerFg is finite, then [4/mP)] < oo, hence [m/m? : k] < oco. Conversely, if m/m? is
generated by the classes of x1,--- ,x,, then A is a quotient of k[[zy,--- ,z,]], and A/m®") is a
quotient of the finite k-ring A[[z1, -, zn]]/ (21, ,20)®"). [ |

Remark 2.7.6. It follows that if p # 0 a connected formal group of finite type is an inductive
limit of finite type (G = lim_, KerF%).

Proposition 2.7.7. If G is an algebraic group-scheme, then the “connected completion” GO is of
finite type:
G° = SptOg . [= 1i_r>n KerFQ if p # 0]

2.8 Multiplicative affine groups

Lemma 2.8.1. Let G be a k-group-functor. Then the following conditions are equivalent:
(i) G is the Cartier dual of a constant group.

(ii) G is an affine k-group and the k-ring O(G) is generated by the characters of G (i.e.,

homomorphisms from G to uy).
Such a group is called diagonalizable.

Proof. If G = D(T'y,), then D(R) = Morgy,(I'r, #r) = Hom(I', R*) = Morwm, (k[I'], R), hence
G = Spk|[['], where k[['] is the algebra of the group I' (note that Ay =y ®7v, ey =1, oy =y~ 1,
v €T), and each v € T' C k[I'] is a character of G.

Conversely, if G is affine and O(G) generated by characters, let I' be the group of all characters
of G; then the canonical map k[I'] — O(G) is surjective. But it is always injective (Dedekind’s
lemma on linear independence of characters), hence k[I'] = O(G). [
Theorem 2.8.2. Let G be a k-group. Then the following conditions are equivalent:

i) G ® ks is diagonalizable.
ii) G ® K is diagonalizable for a field K € M.

iii) G is the Cartier dual of an etale k-group.

(
(
(
(iv) ( ) is an etale k-formal group.
(v) Morgy, (G, o) = 0.

(vi) (If p £ 0), Vi : G®) — G is an epimorphism.
(vii) (If p # 0), Vg : G?P) — G is an isomorphism.

Such a group is called multiplicative.

(vi) and (vii) are the dual version for that G is etale iff F; is injective iff Fi; is an isomorphism.

Proof. The implications (i) <= (iv) <= (vii) <= (vi) are clear.

Proof of (v) <= (iv). We know that Gry(G, ay) is the set of primitive elements of O(G); let
A= O(G) and let A’ be the ring of D(G) (i.e. the topological dual of the coring A). By duality,
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a primitive element of A corresponds to an algebra morphism
A — E[t]/t?

compatible with the augmentations of A’ and k[t]/t?. All primitive elements are zero if and only
if A% has no quotients isomorphic to k[t]/¢2, which means that A° = k, i.e. D(G)° =, i.e. D(G)

is etale.

End of the proof. If £’ is an extension of k, then condition (v) for G is equivalent to condition
(v) for G ® k’. This implies the equivalence of all conditions except (iii). It is clear that (iii)=-(i)
(definition); conversely, if D(Q) is etale, then let E be the etale k-group such that E = D(G); we
claim that D(E) = G. This is easy if k = ks, because E is constant; the general case is proved by
going to ks (see | ] IV, 1.3.2). [ |

Remark 2.8.3. The multiplicative groups correspond by duality to etale formal groups; they form
a thick subcategory (= stable by subgroups, quotients, extensions) stable for lim., of ACy, called
ACmy, and anti-equivalent to the category of Galois-modules: to G € ACmy corresponds the
Galois-module X (G) = D(G ®j ks)(ks) = Mor g, (G @ ks, ik, )-

Remark 2.8.4. If E is an etale k-group, then D(E) is multiplicative and ﬁ(D(E)) = E; in fact,
one already has D(D(E)) = E ([ [, loc. cit.). It implies that the antiequivalence between

multiplicative groups and etale groups can also be given (without speaking about formal-groups at

all) by E— D(E), G — D(G).

2.9 Unipotent affine groups. Decomposition of affine groups

Theorem 2.9.1. Let G be an affine k-group. The following conditions are equivalent:

(i) D(G) is a connected formal group.

(ii) Any multiplicative subgroup of G is zero.
(iii) For any subgroup H of G, H # 0, we have Morgy, (H, o) # 0.
(iv) Any algebraic quotient of G is an extension of subgroups of ay.

(v) Ifp#0), NImVE =e.

Such a group is called unipotent.

The last condition is the dual version for that G'= lim_, KerF} if G’ is connected and of finite

type.

Proof. The equivalence of (i) and (ii) is clear (the formal group H is connected, iff mo(H) = e,
i.e., iff it has no etale quotients). The equivalence of (ii) and (iii) follows from the theorem in the
above subsection. The equivalence of (iii) and (iv) is clear because algebraic groups are Artinian.
Suppose p # 0. If G satisfies (iv), then for any algebraic quotient H of GG, one has V}; = 0 for large
n (recall that V,,, = 0). It follows that ()ImV{% has no algebraic quotients, hence is e. Conversely,
if (v) is true for G, G cannot contain a non-zero multiplicative subgroup H, for V}j : H ®") » H

is an epimorphism for all n. |
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Remark 2.9.2. The unipotent groups correspond by duality to connected formal groups. They
form a thick subcategory, stable for lim. , of AC}, called ACuy.

Theorem 2.9.3. By duality, the local-etale exact sequence gives that an affine group is in a

unique way of a unipotent group by a multiplicative group. This extension splits if k is perfect.

Remark 2.9.4. In particular, if k is perfect, any finite group is uniquely the product of four
subgroups which are respectively etale multiplicative, etale unipotent, infinitesimal multiplicative
and infinitesimal unipotent. Therefore the category Fy, of finite (commutative) k-groups splits as
a product of four subcategories, called Femy,, Few,, Fimy, Fiug. The categories Feu, and Fimy,

are dual to each other, the categories Femy and Fimy, are autodual.

Proposition 2.9.5. (1) Let p = 0. Then Fj, = Femy: any finite (commutative) k-group is etale

and multiplicative.

(2) Let p # 0 and k be algebraically closed. Any (commutative) finite k-group is an extension
of copies of ,ou, pur and (Z/rZ)y, r prime.

Proof. (1) By duality, it suffices to prove that any finite unipotent group is 0. Such a group is a
product of an etale unipotent group and an infinitesimal unipotent group; by the first theorem,
these two groups are extensions respectively of etale subgroups of aj, and infinitesimal subgroups of
ay. Any etale subgroup of oy, must be 0, because o (k) = k has no finite subgroups; an infinitesimal
subgroup of oy, is of the form Spk[T']/T"™ where n must be such that AT" C (T™)®k[T|+k[T|(T"),
this means (T'+ T")" = aT™ 4+ BT and implies n = 1.

(2) Let G € Fy. If G is etale, then G = I'y, where I is a finite group; but I is an extension of
groups Z/rZ, r prime, and G is an extension of (Z/rZ);. If G is infinitesimal and multiplicative,
then G = D(T'y), where T, is finite and Gr(I',k*) = 0; this implies I' is p-torsion, and G is
an extension of copies of D((Z/pZ)y) = ppr. If G is infinitesimal and unipotent, then G is an
extension of infinitesimal subgroups of ay. These are the ,ray, because (T'+ T7)" = aT™ + ST™

implies n = p”; but pray is a p-fold extension of ,ay (remark that prog/por = pr-14, )- |
Corollary 2.9.6. If m is a prime, and G a finite (commutative) k-group, then m®idg = 0 for
large « if and only if rk(G) is a power of m.

It follows from the multiplicativity of the rank, the fact that rk(G ® k) = rk(G) and the

obvious formulas:
rk((Z/rZ)x) =, tk(pow) = rk(ppx) = p

In particular, if p®idg = 0, then rk(G) = peeh(GE:F) where length(G) is the length of a Jordan-
Holder series of G.

2.10 Smooth formal-groups

Definition 2.10.1. A (not-necessarily commutative) connected formal group G = SpfA is said to
be smooth if A is a power-series algebra k[[x1, - - - ,x,]]. In that case, the coproduct A : A — A®A

is given by a set of formal power series:

(I)(X7Y) = ((pz(xh y Tny Y1, 7yn))7 1= 1727'” ,
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A is given by a set of homomorphisms
A(R) : (SpfA®A)(R) — SpfA
which are precisely
A(R) : Homit_salg(k[ml, S Ty Yl,t yYn), R) — Homgt_salg(k[:vl, sz, R)

Since any f € Hom};tfalg(k

[
f(z;) takes values in Ker(

Homg ., (k[z1,- -+, @], R) = (Ker(e))". Thus, A(R) induces a morphism

x1,- -+ ,Zy|, R) only depends on the values of zi,---,z,, and
€

1,°
), where ¢ : R — k the structure homomorphism, then

® : (Kere)?" — (Kere)"

(X7Y) = (q)i(wlf" s Ly Y1, 70 7y77))

between k-algebras.

and the axioms (Ass) and (Un) give
o (Ass) (X, (Y, 2)) = &(®(x,Y), Z).
e (Un) (0,Y)=®(X,0) =0.

It is easily proved, using the implicit function theorem, that the existence of an antipodism is a

consequence of (Ass) and (Un). The axiom (Com) can be written.
e (Com) ¢(X,Y)=2(Y,X).

Such a set {®;} is a formal-group-law in the sense of Dieudonne.

Theorem 2.10.2. Let G = SpfA be a (not-necessarily commutative) connected formal group if

finite type.

(1) If p =0, then G is smooth.
(2) If p # 0, the following conditions are equivalent:
(a) G is smooth,
(b) A ®p kP! is reduced.
(¢) Fg:G — GW is an epimorphism.
Proof. Remark first that in (2) we have (a)=(b); moreover (c) is equivalent to Fjy : A®) — A

being injective, or to A®) =2 A ®;, kP~! being reduced. We then have to prove that if, either p = 0,
or p#0 and A ®;, kP! is reduced, then A = k[[zq,--- , 2,]].

Let first m be Ker(e : A — k) and § : m/m? — k be a linear form. We claim that there exists

a continuous k-derivation D of A such that for a € m, one has eD(a) = §(a mod m?). Define first
§(a) = §((a—ea) mod m?); then §(ab) = €(a)d(b) +€(b)d(a); put D = (1@5)oA: if Aa =" a;®b;,
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then Da = " a;0b;. One has eDa =" e(a;)d(b;) = (3. e(a;)b;) = da; it remains to dhow that D

is derivation:

D(ab) = (1®0)A(ab) = (1®0)(Aalb) = (1®e)Aa(l ®6)Ab+ (1®e)Ab(1® §)Aa = aDb+bDa

Let now (; be elements of m such that their classes modulo m? form a basis of m/m?. The

canonical map
fokllen, -]l = A, fai) = G

is surjective. Suppose it is not injective. Let ® € Ker(f), ® # 0, with minimal valuation; certainly
v(®) > 0 (because ¢(0) = ef(P) = 0). By the above remark, there exists continuous derivations
D; of A with D;({;) = d;j(mod m). Clearly 0 = D;f(®) = > f (gj;) D;(¢;). But the matrix
(D;(¢;)) is congruent mod m to the identity matrix, hence is invertible. It follows that g:v] = 0.

If p =0, then ® must be 0, and f is injective. If p # 0, then there exists ¥ € k:l/p[[xl, s ]
with ® = WUP; extend f to f': kVP[[x1,- -, x,]] = A @) kYP; then f/(¥)P = f(®) = 0. Because
A ®p, kP is reduced, this implies that f’ () = 0. But ® was supposed of minimal valuation,
hence ¥ = 0 (if not, decompose ¥ as a sum > A, A € kP, 1p; € Ker(f), ¥; # 0, and note that
v(¥) > infu(y;)) and & = 0. [

Remark 2.10.3. The preceding theorem can be strengthened:

(1) (Cartier). If p =0 and G = Sp*C is a connected (not necessarily commutative) formal-
group, then C is the universal enveloping algebra of the Lie algebra g of G. This implies that the
category of all connected formal-groups is equivalent to the category of all Lie algebras over k.
By the Poincare-Birkhoff-Witt theorem, this also implies that, if g is finite dimensional, then G
is smooth. Moreover, if G is commutative, then g is abelian, hence G = (90)(1)’. by duality, any

unipotent (commutative) k-group is a power of the additive group.

(2) (Dieudonne-Cartier-Gabriel). If p # 0, k is perfect, G is any (not-necessarily commutative)
connected formal group of finite type, H a subgroup, and G/H = SpfA, then is of the form
Ellx1, - xa]ly1, - ,yd]/(yfr1 o ,ygrd). This implies for instance to A = (A)G,e, G an algebraic
k-group.

Corollary 2.10.4. Suppose p # 0, and let G be a connected formal group of finite type.
(1) If k is perfect, there exists a unique exact sequence of connected groups
0— Gred > G — G/Greg — 0
with Greq smooth, and G/Gyeq infinitesimal (= finite).
(2) For large r, the group G/Ker(Fg) = Im(G — G®")) is smooth.
Proof. (1) The uniqueness is clear, because any homomorphism from a smooth group to an in-

finitesimal group is 0 (look at the algebras). Let G = SpfA, and Greq = SpfA;eq, where Ayeq is
the quotient of A by its nilideal.

Because Aoq®pAred is reduced (see the Appendix)

An C Adn +n®A
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and Gieq is a subgroup of G, smooth by the theorem. Moreover G/Geq = Spf B, where
B={zecAAzr—z®1c A®n}

Ifx e B,e(x) =0,thenz =e®1(Az—2®1) € n. It implies B C k+n, and B is Artinian, hence

finite.

(2) It is clear that H = G/F{ is smooth if and only if H ®j, k is. Replacing k by k, we can
suppose k perfect and apply (1). There exists an i with F'(G/Grea) = 0; but F*(Greq) = GS:;)
because Greq is smooth. Hence F'G = F'(Gheq) = GE@;) and F'G is smooth. [ ]

Corollary 2.10.5. Let G be a connected formal group of finite type, and n = dimG. Then
rk(Coker F};) is bounded and

rk(Ker(F})) = p™irk(CokerFy,)

'

Proof. If G is smooth, then F is an epimorphism, and KerFé = Spfk[lzy, -+ ,xn]]/(z1, -, 20)P
hence rk(KerFé) = p™. In the general case, let r be such that H = F"G is smooth, let K =

Ker(F(.); we have exact sequences:
0 — Ker(F}) — Ker(F}) — Ker(Fj;) — Coker(Fj;) — Coker(Fg) — 0

0 — Ker(Fj,) — K — K®) Coker(Fj;) — 0

The second sequence gives rk(Coker(F},)) = rk(Ker(F%)) < rk(K) < oo, the first one gives the

claimed formula. |

Corollary 2.10.6. (1) Let 0 - G’ = G — G” — 0 be an exact sequence of connected formal-
groups. Then dim(G) = dim(G’) 4+ dim(G").

(2) If f : G' — G is a homomorphism of connected formal group, with G smooth, and
dim G = dim G’ then f is an epimorphism if and only if Ker(f) is finite.

Proof. (1) follows from the snake diagram and the preceding corollary.
(2) We have the equivalence (Ker(f) finite) <= (dim(Ker(f)) = 0) < (dim f(G’) =
dim G’) <= (dim f(G@’) = dim G). But dim(f(G’)) = dim G gives
rkKer(F}(G,)) > ptdmG — rk(Ker(FL))

hence Ker(F?

f(G’)) = Ker(F},) and G = |JKer(Fg,) = UKer(F}(G,)) = f(G). [ |

2.11 p-divisible groups
Definition 2.11.1. Suppose p # 0. A (commutative) formal group G is called p-divisible (or a
Barsotti-Tate group) if it satisfies the three following conditions:

(1) p-idg : G — G is an epimorphism,

(2) G is a p-torsion group: G = J; Ker(p’idg),

(3) Ker(pidg) is finite.
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We know that rk(Ker(pidg)) = ph, h € N. This h is called the height height (G) of G. Using
(1), this gives
rk(Ker(p/idg)) = pheisht (G)

The multiplicativity of the rank gives the exactness of the sequences
0 — Kerp! — Kerp/t* p—j> Kerp® — 0
Converselly, if we have a diagram
G155 Gy 2 Gy -

where the G; are finite k-groups with the following properties
(a) tk(G;) = p", h a fixed integer,
(b) the sequence 0 — G 4, Gj1 p—j> Gj+1 are exact,
then lim_, (G, i,) is a p-divisible formal group, of height A, and Ker(p"idg : G — G) = G,,.
This gives an alternative definition of p-divisible groups.
The Serre dual of a p-divisible group G is the p-divisible group G’ defined as follows:
Let G; = Ker(p/idg), and let p; : Gj41 — G; be induced by pidg. Put G; = D(Gj), and

i, = D(pj) : G} — G4, then G’ = lim_, (G, i}) is a p-divisible formal group, with height (G') =

height (G); it is clear that p; = D(i;), so that (G’)" can be identified with G.

Example 10. (1) The constant formal group (Q,/Z,); conversely, any constant p-divisible group
of height h is isomorphic to (Q,/Z,)}.

(2) Let A be a (commutative) algebraic k-group, such that pidg : A — A is an epimorphism.
Then it can be shown that Ker(pidy4) is finite; define

Alp) = | JKer(p'ida)

Then A(p) is a p-divisible group, containing A = Uj Ker(F’G). For instance, for A = yy, one
finds A(p) = Uj pJHE = (Qp/Zp);c'
If A is an Abelian variety of dimension g, one knows that pids is an epimorphism, with

rk(Kerpidg) = p?9. It follows that A(p) is a p-divisible group of height 2g.

Proposition 2.11.2. Let G be a k-formal group. Then G is p-divisible if and only if the following

conditions are satisfied.

(1) mo(G)(k) = (Qp/Zy)",  finite.

(2) GV is of finite type, smooth, and Ker(V : GO®) GY) is finite.

Proof. If G is p-divisible, then G® and 7y(G) are, and conversely (replace k by k, then G is the

product of G° and my(G)). We already know that the etale group E is p-divisible iff E(k) =
(Qp/Zp)"-
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Now suppose that G is connected, Ker(Fg) C Ker(Vg o Fg) = Ker(pidg), hence G is of finite
type;m on the other hand G also is p-divisible, hence Ker(Vg) C Ker(Fg o Vi) = Ker(pidgam))
is finite, and Fg is an epimorphism, because pidg (V') = Fg o Vi is.

Conversely, if G is smooth and KerV( finite, Fz and Vz are epimorphism, hence also pidg =

Vo o F¢; this implies also an exact sequence
0 — Ker(Fg) — Ker(pidg) — Ker(Vg) — 0
and Ker(pidg) also is finite. Finally |JKer(p’idg) 2 UKer(Fé) =0. [ |

Example 11. If A is an algebraic unipotent k-group, then A is never p-divisible, unless A is
finite. (Recall that G is unipotent iff (| ImVZ = e).

Remark 2.11.3. The above exact sequence for any p-divisible group G the formula height (G) =
dim(G) + dim(G").

Proposition 2.11.4. Let G be a connected, of finite type, smooth formal group. There exist two
subgroups H, K C G with H p-divisible, p" K for large n, H N K finite, and G = H 4+ K.

Proof. Let p"G = Im(p"idg : G — G); the subgroups p"G of G are smooth (quotients of G) and
form a decreasing sequence. There exists an n such that p"G N KerFg = p?>"G N KerFg (KerFg
is finite, hence Artinian), then F. /p2nc 18 @ monomorphism. This implies p"G = p*"G, because
p"G/p?"G is connected, smooth with monomorphism Frobenius (or dimension 0). Put H = p"G,
K = Ker(p"idg). Then G = H + K, pidy is epimorphic, and p" K = 0. Therefore Ker(pidy) is
finite, hence H is p-divisible, and H N K C Ker(p"idy) is finite. |

2.12 Appendix

Theorem 2.12.1. Let k be perfect field with characteristic p # 0, A and B two complete Noethe-
rian k-rings with residue field k. If A and B are reduced, so is AQyB.

Proof. To be added. |

3 Witt Groups and Dieudonne Modules

Let p be a fixed prime number.

3.1 The Artin-Hasse exponential series

Definition 3.1.1. Let k be a ring. We denote by /\, the affine k-group which associates with
R € My, the multiplicative group 1+ ¢tR][t]] of formal power-series in R which constant term 1 (as
a functor, A, is obviously isomorphic to Oév ). For n > 1, let /\,(f) be the closed subgroup such

that
(n)

A =1+ R[]

k

31 2023.9



3 WITT GROUPS AND DIEUDONNE MODULES

one has obvious exact sequences
(n+1)  (n)

0— /\ —>/\—>ak—>0
k k

where the first morphism is the inclusion, the second one being (1 + a,t" + ---) — ay,. The k-
group A\, hence appears as the inverse limit of the A, / /\ (n+1) , each A\, / /\ (nt1) being an n-fold
extension of the additive group. (If k is a field, then /\, is a unipotent group).

Let F=1—t+--- be a fixed element of A(k) = 1+ yk|[[t]]. Then we have an isomorphism of

k-schemes

<p:OI:+—>/\
k

by o((an)) = [T F(ant").

If k = Q, then take F(t) = exp(—t); one has F(at)F(bt) = F((a + b)t), so that ¢ is an
isomorphism of k-groups from ozI,j* to A\g- If k is a field with characteristic p, it is not possible to
find F' € 1 + tk[[t]] with

Fit)y=1—t+---; F(at)F(bt) = F(ct)

We find first F(T) =1—t+---+ (=t)?"1/(p—1)! +--- and for the coefficient of TP we fine 0 = 1

and the computation fails. But remark that for any F' one certainly has a formula

HF abt’

1>0
where \; € k[X,Y].
The idea is to find an F such that most of the A; vanish. Actually we shall find F' with A; =0

if 7 is not a power of p.

Proposition 3.1.2. Let p be the Mobius function, then there is a classic formula

exp(—t) = [J(1 —tm)rt/n

n

Proof. Recall first that p, = 0 if n is divisible by the square of a prime, u(p;---pr) = (—1)* if
p1,- -,k are distinct primes and u(1) = 1. For n > 1, one has

> p(d) =
dln
It follows that

T TS IR 2D S

n>1 dn d>1

Definition 3.1.3. If char £k = p > 0, let
F(t) = H (1_tn)#(n)/" =1—t+--;
(n,p)=1
if Zp) ={a/b € Q,(p,b) = 1}, then
F(t) € MZ)
If pu(n) # 0, then either (n,p) =1, or n=pn’/, (n',p) = 1.
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Proposition 3.1.4. We have exp(—t) = F(t)/F(t?)'/?, then

P
F(t) = exp(—t)F())/? = exp(—t — —)F(p})/** =
p
so that
F(t) = exp L(t), with
v P
p p p*

Remark 3.1.5. The formula F(at)F(bt) = [](F(X\i(a,b))t!) then can be written as L(at)+L(bt) =
>° L(Ai(a, b)t') where \; € Zy[X,Y]. Going to Q, it follows immediately that X\; = 0 if X is not

a power of p, which give a formula

HF abtp

>0

Definition 3.1.6. The Artin-Hasse exponential is defined as the morphism
E Oz( ) — AZ(p)

such that

E((ag,---),t) = [ ] Flant™)
n>0

From the above remark, it follows easily that there exists formula
E((az) . t) . E((bz) . t) = E(Si(ao, ety Qg bo, s ,bi),t)

where S; € Z)[zo, -+ ,Zi, Yo, -+ ,¥i]. Moreover, any P € \(R), R € Mz, , can be uniquely

[T Bl

(n,p)=1

written

with (a,) € RN.

Proposition 3.1.7. The Z,)-group Az, is isomorphic to the {n : (n,p) = 1}-power of the
subgroup image of F.

Remark 3.1.8. By base change a similar statement applies to Ag,; it shows that the Artin-Hasse

exponential plays over ), a somewhat similar role as the usual exponential over Q.

3.2 The Witt rings (over Z)

Remark 3.2.1. By 3.1. we can write

tP" P,
pn

E((an),t) =exp | — Z
n>0
with
—1

Op(ag, ) =af +pal 4+ +pay

And we have

(bn((ZOa e 7an) + q)n(b(b T 7bn) - (bn(SOa e 7Sn)
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Lemma 3.2.2. We have S,, € Z[zg, -, zp].

Proof. We already know that the coeflicients of S; lie in Z(,) € Q. On the other hand, it is clear
from the above remark that they lie in Z[p~']. Then the result follows by the truth Z, NZ[p~'] =
Z. |

Theorem 3.2.3. There exists a unique commutative group law on 0§ with the following equiv-

alent properties:
(i) E: O} @z Lipy = /\Z<p) is a homomorphism.

(ii) Each @, : O} — az is a homomorphism.

Proof. Each (i), (ii) is equivalent to the fact that (with + for the law we are constructing)
(an) + (bn) = (Sn(a(]a © 5, Qn, b07 e 7bn))

Hence the uniqueness; it remains to be shown that the law defined above is a commutative group
law with unit element (0,0, ---). The associativity, commutativity and unit element axioms can
be expresses by polynomials identities, with coefficients in Z, in the coefficients of the S;. These
identities are satisfied after going from Z to Z[p~!], because the ¢,,®7Z[p~!] defines an isomorphism
O]ZVLzrl} — O]ZV[p,l]. Because Z C Z[p‘l], we are done. The existence of an inverse element can be
proved if p # 2 by the remark that o(—z¢, —z1, ) = —@n(x0, 21, -+ ); in the general case, the
antipodism over Z[p~!] is given by polynomials with coefficients in Z[p~!]; but these coefficients

are also in Z(p), hence are in Z. [ |

Definition 3.2.4. The Z-scheme Og, together with the above law, is called the Z-group of Witt
vectors of infinite length relative to p and denoted by W.

If w= (an) € W(R) = R, a, is the nth-component of w and ®,(w) the nth-phantom-
component of w. The phantom components define a group isomorphism from W ®yz Z[p~!] to
N
Xzp-1]

Let T : W — W be the monomorphism defined by

T((ao,-~- 7an,"')):(07a0>a1,"‘)

Then &¢(Tw) =0, ¢, (Tw) = pPp_1(w), n > 1; it follows that T" is group-homomorphism, called
the translation. We define the group W, of WittOvectors of length n by the exact sequence of

group functors
0w 5w i w -0

(i.e. by W,(R) = CokerT™(R) for each R). By the definition of the group law, it is clear that
(ap,a1, )= (ap, +* ,an—1,0, ) +T™(an, ant1,- - ), which means that as a scheme, W,, is O,
the projective morphism W — W, being (ag,---) — (ag, - ,an—1). The group law on W, is
(ag, -+ yan—1) + (bo, -+ ,bn—1) = (So(ao,bo), -+ ,Sn-1(ao, - ,an—1,b0,* - ,bp—1)) in particular
W1 = a. The snake diagram gives from the above exact sequence translation homomorphism
T : W, — Wiy, such that T'(ag, -+ ,an—1) = (0,a0, - ,an—1), projection homomorphism R :
Wy+1 — W, such that R(ag,--- ,an) = (ag, -+ ,a,—1) and exact sequence

0 = Win 5 Wt s Wy, — 0
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Moreover, the projections W — W, give rise to an isomorphism
W = lim W,
—

Let 7 : Oz — W be the morphism a + (a,0,---). We have ®,(7(a)) = a?", E(7(a),t) = F(at).

Theorem 3.2.5. There exists a unique ring-structure on the Z-group W such that each of the

two following condition is satisfied.

(i) each ®,, : W — Oz is a ring-homomorphism.

(ii) 7(ab) = 7(a)7(b), a,b € R € Mz.

Proof. We first replace Z by P = Z[p~']. Then (®,) : Wp — o is an isomorphism, hence the
existence and uniqueness of a ring structure on Wp satisfying (i); moreover, because (®,,(7(a)) =
(aP")), this ring-structure satisfies (ii); conversely, consider a ring structure on the P-group ol
such that (a?”) - (b*") = ((ab)P"); the multiplication is given by polynomials of the form (z,) -
(yn) = (O az(;”)xiyj), with Zagl)apibpj = (ab)P"; this gives az(»;”) = 0 except with i = j = n, and
(1) (yn) = (znyn). This ends the proof for P.

The multiplication in Wp we just found is given by polynomials
Mn(m()a 3Ty Yo, 7yn) S Z[pil][x()v Ty Yo, 7yn]

(ao,--')X(bo,--'):(Mn(ao,--- 7[)07...))

By definition, ®;((M,,)) = ®;((z5))Pi((yn)), 7 = 1,2,---. We can prove that M,, € Z[zo,- - ,yo," ]
([ ] V, section 1.2); the above formula defines then a Z-morphism W x W — W. The fact
that it gives a ring structure satisfying (i) and (ii), with unit element 7(1) = (1,0,---) can be
expressed by identities between polynomials with coefficients in Z; these identities are true over
P =Z[p~'] and Z — P is injective. [ |

Definition 3.2.6. The Z-ring W is called the Witt ring, each W,, is a quotient ring of W, the
canonical morphisms R : W — W,, and R : W, 1 — W, are ring-homomorphism (but not 7).

3.3 The Witt rings (over k)

Definition 3.3.1. From now on, k is a field with characteristic p. We denote by Wy, W, the

k-rings W ®z k, W, ®z k; remark that the phantom-components Wy — «aj, are now (ay,) agn.
Because Wy, = Wr, ®F, k, we can identify W,gp ) and W and the Frobenius morphism F' :
Wi — Wy is given by
Flag, -+ an,---) = (ab,--- ,aP,--)

n

It is a ring-homomorphism (because F' commutes with products). Similar statements are true for
Ay and the Wpy.

Proposition 3.3.2. (a) The Verschiebung morphism of A, is ¢; — ¢(tP), the Verschiebung
morphism of Wy, is T', the Verschiebung morphism of W, is RoT =T o R.

(b) If x,y € Wi(R), R € M, then V((Fz)-y) =z - (Vy).
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Proof. (a)If o =1+ cpt™ € A(R), then Fo =1+ cht™, and (Fo)(t?) = 1+ > cht™ = P =
V(Fp). But F' is an epimorphism (k is perfect?), hence Vi) = ¢ (tP), for all 9.

On the other hand, the definition of E and T shows that
E(Tz,t) = E(x,t?)

But E(z,t?) = VE(x,t) = E(Vz,t) and E is monomorphism, hence Vo = Tx. Projecting this
formula on W, we find Viy,, = RoT =T o R.

(b) Because F' : Wy, — W}, is an epimorphism, we can now suppose y = F'z, then V((Fz)-y) =
V(Fz)-(Fz))=VF(zz)=prz=z-pz=x-VFz=x-Vy. [ |

Corollary 3.3.3. If x,y € Wi(R), then
E(x-Vy,t)=E(Fz-y,tP)
Corollary 3.3.4. If x = (ag, - ,an, -+ ) € Wi(R), then pz = (0,ah,--- ,ah, ).
Corollary 3.3.5. Suppose k is perfect; then W (k) is a discrete valuation ring, complete, and

W (k) /pW (k) = k.

Proof. One has FW (k) = W (k) because k is perfect, hence p"W (k) = T”F"W(k) =T"W (k) and
W (k) = lim. W(k)/p"W (k). Moreover, W (k)/pW (k) = W1i(k) = a(k) = [ |

Proposition 3.3.6 (Witt). Let k& be perfect, and let A be complete Noetherian local with residue

field k. Let m : A — k be the canonical projection. There exists a unique ring-homomorphism
u:Wi(k)— A

compatible with the projections W (k) — k and 7. If moreover A is a discrete valuation ring with
p-1a #0, then A is a free finite W (k)-module of rank [A/pA : k|; in particular, if pA = A, then

u is an isomorphism.

Proof. (After Cartier). Consider the ring-morphisms given by the phantom components &,
Wni1(A) — A. If m is the maximal ideal of A, then ®,((x,)) € m"*! if 2; € m; this gives a
commutative square

W1 (A) —22 5 A

Was () l l

Wi (k) —2s A/mntl

Let o : k — k be given by o(\) = AP and put u, = ®,, 0 W,,;1(¢™); then, if ag,--- ,a, € A

un(m(ad), - w(al")) = ab)’ —|—pa’f"71 + -+ p"ap(mod m™ 1)
Let
u=limu, : W(k) — A
e
Then w is a ring-morphism and 7u(ag, - ,a,) = ap. This gives the existence of u. Let

u' : W(k) — A be another such homomorphism; then 7/ = /7 : k — A is compatible with

36 2023.9



3.4 Duality of finite Witt groups

multiplication and such that 77/ = id; such a 7/ is unique, as is well-known (because 7/(a)) must
be in (7~!(a?""))?" which has only one element (Cauchy)); on the other hand, any = € W (k)

can be written
_ _ _ 1/p 2 1/p?
z = (g, 01, ) = (a0, 0,--+) + (0,1,0,-++) + -+ = 7(ap) + pr(a /) + p*1(a/" ) + -

and v/ (z) must be 7/(ag) + pr’('/?) + - - - | hence the unicity of u.

The last statement follows from the fact that if a;, -+ ,a. € A are a basis of A modulo pA, then
they generate the W (k)-modulo A. Therefore A is finitely generated as W (k)-module, without
torsion because p™ - 14 # 0, hence free of rank [A/pA : k. [ |

3.4 Duality of finite Witt groups

Definition 3.4.1. For m,n > 1, we put
mWn : Ker(Fm : Wnk — Wnk)

Between these finite k-groups, we have homomorphisms

t
mWn —— mWnt1

a |

[
m—an ” mWn

where 7 is the canonical inclusion, and f,t,r are induced by F,T, R. Clearly, ¢ and t are monomor-

phisms, f and r are epimorphisms, and for the group ,,W,,, we have F'=1io0 f, V =rot.

Remark 3.4.2. For any R € My, let W/(R) be the set of all (ap,a1,---) € Wi(R) such that
an = 0 for large n, and a,, nilpotent for all n. It is easy to check W'(R) is an ideal in Wi(R) and
that E(w,t) is a polynomial for w € W'(R); in particular, E(w,1) is defined for w € W/(R), and
we have a group-homomorphism

E:W = i

given by w — E(w,1). If v € Wi(R), y € W/(R), then zy € W/(R) and E(zy,1) € R*; moreover,
one has
E(T"z - y,1) = BE(T"(z - Fy),1) = E(z - F™y, 1)

The morphism (x,y) — E(xy, 1) from Wi, x W' to py, is bilinear, hence gives a group-homomorphism
W' — D(Wy) (this can be shown to be an isomorphism,).

Remark 3.4.3. Let o, : Wy, — Wy, be the section of R, : Wy, — Wy define by op(ag, -+ ,ap—1) =

(ag, - ,ap—1,0,-+) (o is not a group homomorphism); it is clear that o, sends , Wy, in W’'.

Theorem 3.4.4. For x € ,W,,(R), y € ,Wp,(R), define
(z,y) = E(on(z)om(y),1)
Then (z,y) is bilinear, gives an isomorphism

mWn = D(nWm)
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and satisfies
(z,ty) = (fz,y)

(z,ry) = (iz,y)
Proof. Let z,2' € ,,Wi(R), y € nWi(R); then o, (z+2') — oy (x) — o (2') is in Ker(R,,) = ImT™",

hence
on(z+12') = on(z) + op(2') + T (u)

where v € W/(R). This implies
(x+2',y) = (x,y) + (&', y) + B(T"(v) - om(y),1) = E(u- F"op(y),1) = E(u- 0m(F"y),1) =0

This proves the bilinearity of (e, e).

On the other hand, o,(fz) = Fon(x), omt1(ty) = Tom(y), hence (fx,y) = (x,ty); also
on(iz) = on(z), then for x € ,,, 1 W,y € ,Wpp, note that ry —y € Ker(R,,—1) = Im(T™ 1), thus
ry —y = T™ 1u for some u € W/(R) and

(z,ry) — (iz,y)
=E(on(ix)om-1(y),1) — E(on(z)om(y), 1)
=E(op(z) - T™ tu, 1)
—B(F™ o (2)) - 0, 1)
=E(on(F" ') -u,1) =0
Hence (z,ry) = (ix,y).

It remains to prove that (e, e) gives an isomorphism between ,,,WW,, and D(,,W,;,); but, because
of the exact sequences

0= Wi 5 msqWi L (Wi — 0

and
ta m
0= Wi — nWintg — Wy — 0

and the adjointness of t and f and ¢, we are reduced by induction on m and n to the case m = n = 1.
In that case 1W; = pax, and (e, e) is not zero, hence the given homomorphism ,oy — D(pay) is

not zero; but, because ,oy, is simple, it is an isomorphism, and the proof is complete. |

3.5 Dieudonne modules (Affine unipotent groups)

Remark 3.5.1. From now on, the field k is supposed to be perfect.

Obviously W; = Spf(Z[xg, - - ,xi—1]) as k-functors, then Wy is affine, and further is unipotent
since (1 ImVyy, =e.

Definition 3.5.2. Let TL/' be the inductive system of ACuy:
%WlkE)Wka)ngz)

(W can be seen as the set of finite vectors with the first coordinate is not zero. )
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The ring W (k) operates on m as follows. First, we denote by o : a +— aP the Frobenius
homomorphism W (k) — W (k), and by a +— a®") its nth power, n € Z (a — a'P) is bijective,
because k is perfect.) Let a € W (k) and w € W,,(R), R € My; then we define

_ M
CL*U}—CLR - w

where aglin) is the image of a® ™) in W(R), and b-w € Wy(R) the product of b € W(R)
and w € W,(R) = W(R)/T"W(R). By this definition, W, (R) becomes a W (k)-module, and
T : Wp(R) = Wypt1(R) is a homomorphism of W (k)-module, because

1

T(a*w) = T(a% ) = T(F(a ") w) = a?

—n

Tw=ax* (Tw)

Definition 3.5.3. For any G € ACuy, we define the Dieudonne module M (G) to be the W (k)-
module

M(G) = ligl Mor gcu, (G, Whi)

(equivalently M(G) = Indscu, (G, W)). Of course, G — M(G) is a contravariant functor from
ACuy;, to category ModW (k) of all W (k)-modules. This construction obviously commutes with
automorphisms k 2 k, in particular with f; : K — k. If M is a W(k)-module, let M®) =
M ®@w),e W(k): as a group M®) = M, but the external law is (w,m) — w® Dm; if f e
Moracu, (G, Whi), then f®) is a homomorphism from G® to quz) = W,;,. Hence amap f — f®
from M(G) to M(G®); it is clear that (wf)® = w® f®) for w € W(k), and this induces an
isomorphism
M(@)®) = pM(GP)
by means of which we always identify M (GP?) with M (G)®).

The two morphisms Fg and Vg define two morphisms F = M (Fg) : M(G)®) — M(G), and
V =MVg): M(G) - M(G)®), or equivalently, group homomorphisms F,V : M(G) — M(G)
with F(am) = a® Fm, V(a®m) = aVm, a € W(k), m € M(G). By construction, if m €
Moracu, (G, Wyi) represents m € M(G), F'm and V'm are represented by Fyy,, om and Vi, , om.
Remark 3.5.4. The morphism T : Wy, — W, 11y, being a monomorphism, the maps Mor ooy, (G, Wik) —
Mor 4 ¢, (G, W(n—l—l)k) are injective, and Mor gcy, (G, Wyi) can be identified with a submodule of
M(G); more precisely

Mor gcu,, (G, Why) = {m € M(G)|V"m = 0}

It follows that any element of M(G) is killed by a power of V.

Definition 3.5.5. Let Dy be the (non-commutative) ring generated by W (k) and two elements
F and V subject to the relations

Fuw=w? F, wPV =Vw, FV =VF =p

It can be easily seen that any element can be written uniquely as a finite sum

Za_ivi +ag + ZaiFi

i>0 i>0
If G € ACuy, then M (G) has a canonical structure of a left Di-module; if K is a perfect extension

of k, there is a canonical map of Di-modules
W(K) QW (k) M(G) - M(G ® K)

(remark that Dy = W (K )®yy(x) Dy, and that the left hand side can also be written Dg®p, M (G)).
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Theorem 3.5.6. The functor M induces an anti-equivalence between ACuy and the category of
all Dy-modules of V-torsion. For any perfect extension K of k, the morphism W (K)®y ) M (G) —
M (G ®y, K) is an isomorphism. Moreover,

G is algebraic <= M(QG) is a finitely generated Dj-module

G is finite <= M(G) is a W (k)-module of finite length

3.6 Dieudonne modules (p-torsion finite k-groups)

Proposition 3.6.1. The functor G — M(G) induces an anti-equivalence between Feuy (resp.
Fiuy) and the category of Dg-modules, which are W (k)-modules of finite length, killed by a power
of V' and on which F is bijective (resp. and killed by a power of F).

This follows from the above theorem, and the fact that if G is finite, then G is etale (resp.

infinitesimal) if and only if Fz is an isomorphism (resp. FZ = 0 for large n).

Example 12. If G = (Z/pZ); € Feuy, then M(G) = k with F =1,V = 0; if G = pa;, € Fiug,
then M(G) =0 with F =0,V =0.

Corollary 3.6.2. For GG € Feu;, or Fimy, we have

rk(G) _ plength(M(G))

Definition 3.6.3. Let m,n be two positive integers; consider the canonical injection ,,W,, — Wp;
it defines an element u € M (,,,W,,), clearly V"u = F™u = 0, hence a map of D-modules (D = Dy,):

Amn : D/(DF™ + DV™) = M(,,Wy,)

Proposition 3.6.4. )\, , is bijective.

Proof. Using the exact sequence connecting the ,,W,, we are already reduced to the case m =
n=1;but D/(DF + DV) = k and M(1W1) = M(pax) = k. [}

Corollary 3.6.5. Take m = n. Any element in D/(DF™ + DV™) can be written in a unique way
r=w_,V" 1+ dw  V+wy+wF+- +w,_ 1 F* ! where w; € Wi_i|(k); we therefore

have a canonical W (k)-linear projection
Tn + My (o Wh) — Wi (k)
defined by 7, (An(x)) = wp.

Definition 3.6.6. Let @) be the quotient field of W (k), and W, be the W (k)-module Q/W (k);
it can be identified with the direct limit of the system

but this system is also
Wi(k) — Wa(k) — Ws(k) — ---

Hence W, = lim_, W, (k) = &/(k)
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3.6 Dieudonne modules (p-torsion finite k-groups)

Definition 3.6.7. For any Di-module M, we denote by M* the following Dj-module: as W (k)-
module, M* = Motyoaw (k) (M, Wao); if f € M*, then (F £)(m) = f(Vm)®), (V f)(m) = f(Fm)® .
It is clear (duality of finite length modules over a principal ideal ring) that M — M* induces a
duality in the category of Di-modules which are of finite length over W (k).

Proposition 3.6.8. Let now G € Fiuy, then there exists n such that V4 = 0, F& = 0; it
follows that M(G) = Morgiu, (G, »Wy); moreover VIT)L(G) = 0, FB(G) = 0, and M(D(G)) =
Morgiu, (D(G), nWy). Let m : D(G) — ,W,, be an element of M (D(G)); let ahy, : yW,, = D(n,W5,)
be the isomorphism, and look at the composed homomorphism

D(m)

WWo 2 D W) — D(D(G)) = G

this gives a D-linear map ¢y, : M(G) — M(,W,,); composing this with m, : M(,W,) — W, (k)
and the canonical injection W, (k) — Wy, we get a W (k)-linear map M(G) — Wy, ie. an
element of M (G)*. Hence a map

M(D(G)) - M(G)*

This map is independent of the choice of the integer n: if we replace m : D(G) — ,W, by
m' = itm = tim : D(G) — p+1Wyt1, then D(M)ah, is replaced by ¢,y = M(D(m)ah,fv) =
M(fv)M(D(m)ahy,) = M(fv)gm. But M(fv) : D/(DF™ + DV"™) — D/(DF"*1 + V") is of
course z — FVx = pz, and 1 M(fv) = mpp1p = Tp.

The W (k)-linear map
M(D(G)) = M(G)*

is actually an isomorphism of Di-modules.

In short, the autoduality G — D(G) of Fiuy corresponds, via the Dieudonne functor, to the
autoduality M — M™ in the category of Di-module of finite length killed by a power of V' and F.

Definition 3.6.9. Let now G € Fimy, (D(G) € Feuy), we define the Dieudonne module M(G)
by

It follows from the Cartier duality between Fimy and Feuj that the functor G — M(G) just
defined induces an antiequivalence between Fimyj and the category of all Di-modules of finite

length on which F' is nilpotent and V is bijective.

Remark 3.6.10. We can describe M(G) as follows. Suppose first G is diagonalisable: G =
D(I'y). Then D(G) = Ty, and M(D(G)) = lim_, Mor g ¢y, (I'x, Whi) = lim_, Hom(I', Wy, (k)) =
I‘IOHI(F7 WOO) = MorMOdW(k)(W(k> ®Z F, Woo); hence

M(G)=2W(k)®z

In general, G is defined by a Galois module I' and M (QG) is the set of invariants under the Galois
group 11 of M(G ®y, k); hence
M(G) = (W(k @z )"

Moreover, F' and V are easily described by duality
FOO®x) =AW

VO@x) =N @x
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3 WITT GROUPS AND DIEUDONNE MODULES

Proposition 3.6.11. Let F» be the category of all finite k-groups of p-torsion. Any G in F
decomposes uniquely as H x K, with H € Fiu, x Feuy, K € Fimj and we define M(G) as

Theorem 3.6.12. (a) The functor G +— M(G) is an antiequivalence between the category F x =
Fiuy x Feuy, x Fimy, of all finite k-groups of p-torsion, and the category of all triples (M, Fis, Var)
where M is a finite length W (k)-module and Fj; and Vjs two group endomorphism of M such
that

Ep(Am) = A®) Fyr(m)

Vair APIm) = AVar(m)
FuVi =VyFy =p-idy
(b) G is etale, infinitesimal, unipotent or multiplicative according as F)s is isomorphic, Fis
nilpotent, Vi nilpotent, or Vs isomorphic.
(c) For any G € F, one has rk(G) = p'nethM(G),

(d) If K is a perfect extension of k, there exists a functorial isomorphism

M(G @ K) 2 W(K) Qwau) M(G)

(e) There exists a functorial isomorphism

3.7 Dieudonne modules (p-divisible groups)

Lemma 3.7.1. Let --- — M, ~% M, — --- — Mj be a system of W (k)-modules with the

following properties.
(1) The sequence M, 11 LN Myp1 = M, — 0 is exact for all n.
(2) M, is of finite length for all n.

Let M = lim. M,,. Then M is a finitely generated W (k)-module and the canonical map
M — M, identifies M,, with M/p"M, for all n.

Proof. Tt follows from (1) that
My 25 My & My, — 0

is exact for all n and m (where 7 = 7, o 41 0+ 0 my—1). Taking the inverse limit over m, we

find an exact sequence
M 2 M2 M, 0

(the lim, functor is exact for finite length modules) where )\, is the canonical projection, hence
the last assertion. Let now my,---,m, be elements in M generating M/pM = M;; consider the
W (k)-module homomorphism ¢ : W (k)" — M such that ¢(ai,- - ,a,) = aymi + -+ apm,. It
induces surjective maps W (k)" /p"W (k)" — M/p"M for all n hence is surjective as an inverse

limit of surjective maps of finite length modules. |
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3.7 Dieudonne modules (p-divisible groups)

Definition 3.7.2. We say that a formal group G is of p-torsion if

(1) G =U(Kerp™idg).
(2) Ker(pidg) is finite.

We have exact sequence

T

0 — Ker(p") — Ker(p"*!) £ Ker(p"*1)
0 — Ker(p") — Ker(p™™™) , Ker(p™)
the latter show by induction that Ker(p™) is finite for all n. Define M (G) = lim_, M (Ker(p")).

Theorem 3.7.3. G — M(G) is an antiequivalence between the category of p-torsion formal
groups and the category of tuples (M, Fis, Vs) where M is a finitely generated W (k)-module and
Fur, Vi two group endomorphisms of M with

Fr(wm) = w® Fyr(m)
Var(w®m) = wVy(m)

FyViy=VyuFy = pidM

Proof. 1t follows from the lemma that M (G) is finitely generated and that M, = M(G)/p"M(G).
Conversely, if M is as before, then we define G as lim_, G,, where M (G,,) = M/p" M. [ |

Remark 3.7.4. From the definitions and what was already proved follow immediately:
(1) G is finite if and only if M(G) is of finite length.
(2) G is p-divisible if and only if M(G) is torsion-free (= free), and

height (G) = dim M (G)

(8) For any perfect extension K/k, there is a functorial isomorphism

M(G @ K) 2 W(K) @wau) M(G)

(4) If G is p-divisible, with Serre dual G', then
M(G/) = MorModW(k)(M(G)a W(k))

with (Fyyan f)(m) = fF(Varm)®, (Vigan f)(m) = f(Eym)® .

Indeed, let M(G) = M; then M = lim. M/p"M, and M/p"M = M(Ker(p"idg)); but G’ is
defined as lim_, D(Ker(p™idg)), hence

M(G") =lim M (D(Ker(p"idg)))
=l (M /p" M)*
= lim Moryioqw (k) (M /p" M, W (k) /p"W (k)

= MorModW(k) (M, W(k))
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4 CLASSIFICATION OF p-DIVISIBLE GROUPS

3.8 Dieudonne modules (connected formal group of finite type)

Definition 3.8.1. By a similar discussion (replacing p by F'), we have the following results: if G
is a connected finite type formal group, define M(G) = lim M (Ker(F%)); it is a module over the
F-completion ﬁk of Dy.

Theorem 3.8.2. G — M(G) is an antiequivalence between the category of connected formal
groups of finite type and the category of finite types Dj-modules M such that M /F M has finite

length. Moreover
(1) G is finite <= M(G) has finite length <= F"M(G) = 0 for n large.
(2) Gissmooth <= F : M(G) — M(QG) is injective; in that case, dim(G) = length(M (G)/F(M(QG))).

4 Classification of p-divisible groups

Remark 4.0.1. k is a perfect field (unless otherwise stated), char (k) # 0; we denote by B(k)
the quotient field of W (k), and extend x + x® in W (k) (resp. B(k)) is W(F,) = Z, (resp.
B(Fy) = Q).

4.1 Isogenies

Definition 4.1.1. A F-lattice (resp. F-space) over k is a free W (k)-module (resp. a B(k)-vector
space), of finite rank, together with an injective (resp. injective=bijective) group endomorphism
F such that F(\z) = AP Fz. If M is a F-lattice, then M ®w k) B(k) has a natural F-space

structure.

Proposition 4.1.2. To each p-divisible group G, we associate the F-lattice M (G), and the F-
space E(G) = B(k) @y ) M(G); the functor G+ M(G) is an antiequivalence between p-divisible
groups and those F-lattices M for which for which FM 2 pM.

Definition 4.1.3. If K is a perfect extension of k, and M a F-lattice over k, we define My as
W (k) @w(xy M, similar for F-spaces.

Lemma 4.1.4. Let G and H be two p-divisible groups of the same height and f : G — H be a

homomorphism. The following conditions are equivalent:

(a) Ker(f) is finite,

(b) f is an epimorphism,

(¢c) M(f): M(H) — M(G) is injective,

(d) CokerM (f) is finite,

(e) E(f): E(H) — E(G) is an isomorphism.
Such an f is called an isogeny.
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4.2 The category of F-spaces

Proposition 4.1.5. Let G and H be two p-divisible groups. Then E(G) and E(H) are isomorphic
if and only if there exists an isogeny f: G — H.

Two such groups are called isogenous. The classification of p-divisible groups isogeny is there-

fore equivalent to classification of F-spaces of the form E(G).

Proof. Let ¢ : E(H) — E(G) be an isomorphism; there exists m such that (M (H)) C p~" M (G),
then p™¢ : M(H) — M(G) corresponds to an isogeny f. The converse is clear. [ |

Definition 4.1.6. A F-space E is called effective if it contains a lattice (i.e. a W (k)-submodule
M such that E = B(k) @y () M) stale by F, i.e., if it comes from an F-lattice. It comes from a
p-divisible group if and only if it contains a lattice stable by F' and pF~!.

4.2 The category of F-spaces

Proposition 4.2.1. This is a Qp-linear category: an Abelian category, such that Hom(E1, E») has
a natural (finite dimension; in fact) Q,-vector space structure, the composite map (f,g) = go f
being Q,-bilinear (note that Q, is the center of B(k)).

It has tensor products and internal Hom: if E, F5 are F-spaces, then E;® Ey and Hom(E1, E2)
are the usual ® and Hom of B(k)-vector spaces and F(z ® y) = Fx ® Fy, (Fu)(x) = u(F~'z)®),
x € Ey,y € Ea, u € Hom(F1, E9).

We denote by O the F-space (B(k),z — z®)), by 0(n) the F-space (B(k),z — p~"z®)). The
dual F of E is Hom(E,O), the nth twist F(n) of E is E @ O(n).

We have the usual canonical isomorphisms
Hom(A,Hom(B,C)) = Hom(A ® B, C)
Hom([OJ,A) = A
Hom(A, B) = Hom (O, Hom(A, B))

A (BaC)=(A®B)®C

In particular

E(m) = E(—m)
If G is a p-divisible group and G’ its Serre dual, then
E(G") = Hom(E(G),0(-1)) = E(G)(-1)

(because Serre duality sends F to V = pF~1).

These conditions commute with the base-extension functor E — E} = E ®@p,) B(K) (K/k a

perfect extension).
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4.3 The F-spaces E*, A\ >0

Definition 4.3.1. Let A > 0 be a rational number; write A = f, with r,s € N, r > 0, (r,s) = 1.
T
We define the F-lattice M* over F, by

M = Z,[T]/(T" — p°)
F acting by multiplication by T, and similarly, the F-space E* over F » by
E* = Qy[T]/(T" — p)

If 0 < A <1, then 7 > s; define M* = Z,[F]/(F"=* — V), then M* is a lattice in E* and a
Dieudonne module; actually, let G* be the p-divisible group over [F), defined by the exact sequence

0— G = W(p)
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